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Abstract

New Gaussian-transform formulas can be derived for special derivatives of Dirac wave function. Using the
transform formulas, the title molecular integrals over Dirac wave functions can be derived. All molecular
integral formulas can be derived for the first time. We should add the Dirac wave function to our basis set for
solving the molecular matrix Dirac equation.
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1. Introduction
Generally speaking, the fundamental equation of the S =< Xulity > (1.5)
physics must be gauge invariant. The Dirac equation  in which m, is the electron rest mass, ¢ is the speed
is the fundamental one of the relativistic quantum
mechanics. Recently, Yoshizawa [1] derived the .
gauge invariant matrix Dirac equation with using the momentum, and A is the vector potential due to the
restricted magnetic balance [RMB] [2], as given by ~ nuclear spin. The vector potential must be included
= — = = I = F\/e= for the invariance of the Dirac equation, as shown by
(*T—* gl *g;) (*C—g 'c_:f) = (’6' ;'f,,’) (*C:f ';;)('a = Sun et al. [3]. We choose it as the Gauss-type charge

m 2m, €4

(1.1) density distribution [GCDD] model as given by
h w1 is th fficient trix of the 1 > : BN .
where 1 is the coefficient matrix of the large et o (:_M:)#M N

of light, & is the Pauli spin matrices, p = —ihV is the

GE 'y'i"[?‘n

component spinor for the energy matrix &2, z is that (1.6)
where Z e is the nuclear charge of the M-th nucleus
for g7, c2 and 3 are those for the small component in the case that the Dirac equation is extended to

spinor, 0 is the zero matrix, the molecule, fy = (Kppes HagysHagz) 18 the nuclear
Vi =< x,IVIx, > (1.2) magnetic moment, 7, = #— M = (x4, ¥y, 2z3) 1S the

coordinate of the electron, », is the scale parameter

(T)0 = ;E <xé-@+ e (G+AD)z, > for the finite nucleus of GCDD model, and

(1.3) . .
£ = [faeemen(—x?) 18 the molecular incomplete gamma
1 3 = = 3 = — o . .
W,),, = R 6-(p+AWve-(p+A)|x, > function. We use the operator notation for all integrals.
d.4)

d Thus (1, is the integral operator, which integrates the
an integrand followed to it. We use the atomic units
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throughout the present article (m, =1, e=1, h =1,
4me, = 1, ¢ = 137.035999139). However, we describe

m,, e, and h explicitly, for the readers convenience
when one converts the units to the natural units. Some
experiment shows that the real nucleus is not the point-
like one but a finite-sized [4]. However, the charge
distribution in the finite nucleus is not determined.
We choose the GCDD model in the present article. In
the statistics, the Gauss-type distribution is called as
the normal one. The gauge invariant Dirac equation

has no rigorous solution. To solve it, we use a proper

basis set, {x,}.

Many researchers extend the matrix Dirac equation
to the molecule [1,2,5-18]. Especially, many are for
relativistic calculations of NMR spectra [1,2,14-
18]. We may call the extended Dirac equation as
the molecular matrix Dirac one. It is natural to add
the atomic Dirac wave function to our basis set.
However, all researchers use the Gaussian-type
orbitals (GTOs) for their basis set, because there is
no molecular integral-formula for the Dirac wave
function. In previous three articles [19-21], the author
derived the Gaussian-transform formulas for the
Dirac wave function [19] and for its first derivative
[20]. Using the transform formulas, the author derived
several molecular integral-formulas over Dirac wave
functions as follows: (a) He derived integral-formulas
for the fundamental properties [20], as the overlap

integral, S the kinetic energy one, L < el > the
nuclear attraction one, v of the point-like nucleus,

-_me, and of the GCDD model,

V=—zZye*2F, (%)

Wy

(1.7)

the electron-repulsion one, < y,x,IVIx,x; = of

the usual one, S and of the finite-sized electron,

Taz

p =2 (wf,) (7, 1s the classical radius of the electron),
Vg

where Xu 1, “exp(—{,r,) 18 the atomic Dirac wave
functlon centered at A. Note that the Dirac wave
function is singular at the position of the nucleus
located at A. Therefore, the Dirac wave function
cannot be written as a linear combination of GTOs.

(b) Next, he did those for relativistic kinetic energy
terms given by Eq. (1.3) [21].

(c) He did that for the physical quantity [19],

< x,|i - (B x VA+ A x Vp)|x, =, of the homogeneous
charge density [HCDD] model,

3zye” lw
i (1 o ) (0 =1y = 1y

> Ton )

(1.8)

where 1y, is the radius of the finite-sized nucleus in

the HCDD model, and of the GCDD model, V is given
by Eq. (1.7). Further, the author showed that the GTO
cannot describe this quantity correctly for the case of
hydrogen atom [22].

In the present article, we derive the Gaussian-
transform formula for a special first derivative and a
special second derivative of the Dirac wave function
in the next section. Using the transform formulas, we
derive the quantity given by Eq. (1.4), for the GCDD
model in the third section.

2. New Gaussian-Transform Formulas

First, we derive a new Gaussian-transform for the special
first-derivative of the Dirac wave function. The first-
derivative of the Dirac wave function can be written as

vTA_SA Exp(_r:'ATAj = _E (P:,ié + ‘?‘L+£A) Exp(_qd'rﬂ]
A A

2.1)

The special first-derivative can be written as

E Vr, Aexp(—{ 1) = —(SATA_S"‘ + fdrﬂl_ S“*)exp(—fﬂrﬂ)
(2.2)
The author derived the Gaussian-transform of the first
term in the right-hand side of Eq. (2.2) in a previous
article [19] as given by

—g, 1, Aexp(—{,r) :——gAg'HSA f dss~3/%g (—572)
“a SRR T T (1t 50 o wE
2.3)
I:r (1 E}EA (1 E}EA I:vE (
|: AJ‘ dt TpAtEa _r dt JERE ] xp [_HJ:E]

The Gaussian-transform of the second term in the
right-hand side of Eq. (2.2) can be derived as follows:
We have

g

1— Z
“ 4k exp(~Cum)
A

Caly

exp(—{,n) = (2.5)

We know the identity described as the formula number
3.471.3 in the Gradshteyn and Ryzhik [23] given by

exp(—F) _ 1 1 . (1-8)"7F (_E
8 v udt v OXP r)

(2.6)

The author derived the Gaussian-transform of the ns-
STO in a previous article [24] given by,
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Open Access Journal of Chemistry V7.12. 2025



Three-Center One-Electron Molecular Integrals over Dirac Wave Functions for Solving the Molecular Matrix Dirac Equation

L2 oo m)(E)

4 exp(—Cam) =
—natig—1/2 _ "?_.i _ i
_]" d§S S TRATIAT  Sexp Sty
Using Eq. (2.6) with g_¢ . and , = 4+, and doing Eq.

(2.7) with ¢,=2% and n, = 2, we have

3ty

ZA"'_:ql_sA exp(—{,n) = J. ds S_SIZexp(—S-;:fj

4
4/mT(1+5,) )

-3f! dt“;fﬁ?] exp|— i J2.8)

452

(1-£)5A
E_5- +E_|J_l

{3t
[} ar

Substituting Eq. (2.5) and (2.8) into Eq. (2.2), we
have the final formula for the special first-derivative
given by

1+s4

-1, -V, SAaxp(—{,n =‘47] ds exp(—5r2
a A p(—{.m) 2\.”%1—'(11'5‘4] s p(—Sr)

272 p1 1 — )% 1 1— )
Sa(la dt Qoo™ 3| dt (ol
25125 J, oty . FEETP
{3 r1 o, (1-0)%4 1. (1-£)%A 3
+s, (E fu dt At fu dt =¥z ) ] exp |:_4sr":| (29)

Next, we derive the Gaussian-transform for the
special second-derivative of the Dirac wave function
given by

g4ls4-1) +
LITEA

Vir, 4 exp(—{,m,) =[ ; ]exp( ) (2.10)
Using a similar derivation to that trom Eq. (2.2) to
(2.9), we have the final formula for the special second-

derivative given by

3tsy
Vi exp(—{any) = —=*

2(aT(1+ &)
1 — t)=4 1
2y DL
29 t4+s 0

1-: (1—z)%A
l+sA ( ..r dt 4+£A

2{4(s4- 1}

STEA
T4

J dS § 32 exp(—Sr2)

(1 —t)%4
t2+5.#.|

e ) e ]

(2.11)

Note that, the GTO, exp(—5r{), can be converted to
the object function by the integral-transform as in Eq.
(2.9) and (2.11).

3. Molecular Integrals

We derive molecular integral-formulas for physical
quantities given by Eq. (1.4) as follows: Using the
Dirac identity [25], we have

W) = <yle-(B+AWe-(p+A)|x, >

1
4m2c?

=4ml? <x|(E+A)-v(Ep+A) +i5-[(F+A) xv(E+A)]|x, =(3.1)

The first physical quantity in the right-hand side of
Eq. (3.1) can be written as three terms as given by

(F+A)v(p+A) =p-vp+[p-VA+A-Vvp|+A VA

(3.2)

The second physical quantity can be written as two
terms as given by

(7 [B+A)xv(F+A)]=15-BxVE) +15- (BxVA+AxVE) (3.3)
The author already derived the molecular integral-
formula over Dirac wave functions for the last term in
the right-hand side of Eq. (3.3) [19]. Thus, we derive
molecular integral-formulas for remaining four terms
for the finite nucleus of the GCDD model in the next
subsections individually.

3.1 The Termp - Vp
We derive molecular integral-formula for the term

p - Vp with the GCDD model of ¥, which is given by
Eq. (1.7), as follows: We have

exp(—{z75)

(3.1.1)

The latter part of the integrand in Eq. (3.1.1) can be
written as

< Kpa B+ VBlx,s >= [ drr, “exp(~,r,)p Vir,

i 2 AT
pVprg Feoxp(—(gry) = Zye RV N F (T_‘Z) Vry *F exp(—(573)
b]

Ty

4

3 4 z
Fl\5 () V———F MB -V
wry 1(”02) B Varg (u)

F, ("‘w) e ]TB_SBEXP(_@TBj (3.1.2)

=Z,e’h? [

_l_

W rrv'n

where F,, is centered at = (0,0,0). Substituting Eq.
(3.1.2) into (3.1.1) and using the Gaussian-transform
formulas Eq. (2.9) and (2.11) for the resulting integral,
we have

1ty 7145
{a g B

—4 8| g5, | dS5,(55,)7%?
47:1"(1+;.=“1)1"(1+53)J;P 1J; 2(5:5)

folhily + 21 + f315)
where

! (1-t,)%4 1
fl] - I:ﬁ fu. Idtl ta-:z_,a, - fu dt
1

2 2 1 1— t.)¢E
f1=[ c_ﬂ(‘:_af de, 17B)F
25,25, J, 157

1=< ,{Mlﬁ-Vﬁl}gm == Z,e’h’

(3.1.3)

(3.1.4)

£, Z
e [_ ;-,,,}
oA s

t (1 - rz)sB
3J. dt, 3tsg
0 t

2

& 1 (1-£,)°F (1- )" 8
Tép (é fu d 4+EB - ..r d‘ z+53 ) ]Exp |:_ 4Sft:] (3-15)
B 1, (e | 1 (1m) B _ i

o= (e e+ Lan i) e 5] 5 )

2 1 & 1 &

1-—1t,)%E 1-—1t,)%E

fa= [;; J- dtz( 4+:B] _J dtz( 2+523]

2J0 tz i] tg
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(1-,) (1—¢)"

1-= i
- 1+s: (SB f dt, <3 r4's+s,\3 + (2+ =) f dt, r“EB )] exp [_ é]

(3.1.7)

I =[diZ=F (:—"f] exp(—Sy72 —S,18)  (3.1.8)

2 3.1.9
J‘d+4“3m (:_‘:) exp(—5,7{ — 5,718) ( :
and
= fd:?jéf (%)exp(—slrd —5,18) (3.1.10)

We first evaluate I,. We use the Gaussian product rule
given by

exp(—5,7f — 5,15 ) = exp [—%Ez - Surﬁ] (311 1)
where 5., =5, + 5, and P-<4+<5 Next, we use the
Sack’s formula given by [26]

EXP(_SuTPZ) = 4”91‘[3(_512’:5 _Sumz)z £,(25,,MPr)
1=0

L= W (MP)Y™ ()", (3.1.12)
where i,(x) is the modified spherical Bessel function

of the first kind and ¥,™ (#P) is the spherical harmonics.
We know that

(x2/4)

—_ 3.1.13
JI(1+3/2); ( )

o
i (x) = Iizz+13‘."'2J1 =0

where(a); = a(a + 1)+ (a + j — 1)isthePochhammer

symbol. We use the Gaussian product rule again as

given by

exp|— 22 4B | ex —5,,MP?) = exp(—S,MA* — S,MB*
p |- 22757 ex( )= exp( ) 3.1.14)

Using Eq. (3.1.11), (3.1.12), and (3.1.14) for Eq.
(3.1.8), we have

- 4 R R —
g =—== fu. " dry Fy exp(—Sy,my) 15(25,,MPry) (3.1.19)
'\.;i"n"n
and
4 o . I
I{'—‘ﬂﬂ-f = ﬁ IRD drj‘-’l’ Fl exp(_slirfl'] LD(Z‘S‘lZMPTJW) (3. 1 .20)

in which g, = br, (b = 7) separates the inner and outer
part of the finite-sized nucleus of the GCDD model.

We choose b = 7 by the reason described in a previous
article [19].

In the inner part, we use the power series of the F,,
as given by

(x)

1 ¥ (=) m+1/2),

m+1™ mimia/n, (3.1.21)

Ea(x) _2m+1 1 1(m+ ,m+%; _sz

where ,F, (a,;c,; —x) is the confluent hypergeometric
function (CHF). In the outer part, we use the asymptotic
expansion of the CHF given by

F(x) = r(m+1/2)

meﬂ..-'z

Using Eq. (3.1.21) for (3.1.19), we have

(3.1.22)

sz, ;
(s J IRD dry T,»z;nﬂ',”exli’(_sizﬂf:

720 jarp; o
(3.1.23)
The integral in Eq. (3.1.23) can be evaluated as given by

in —

& 3/2 1
Iia 5 Zﬂ 0( Dl f"n) E

Ty nl(5/2)p

3
2n+2; +2 2 _ 1R n+j+1/2 _
exp(—Symy T3 fu dx x exp(—5;,x)

Iy dni,

1 1 n-l-j-l-a 3
6 s
12

3 T{ntj+3/2)

_ Lpn+aj+
rin+j+s/2) 1 R

270

(n+j+3n+j+3 —5,R2) (3.1.24)
where y(a;x) is the incomplete gamma function of the
first kind, which is appeared as the formula number
8.354.1 in the Gradshteyn and Ryzhik [23] as given
by

I — - (—l}ﬂx“”l e Tla)

I, = 4mexp(—S,MA* — S,MB?) I, (3.1.15)  vlax) =Eip o =x" 55 1Alw at+ 1 —x) 5125)

where o . -
L = Substituting Eq. (3.1.24) into (3.1.23), we have
L, = 3 J dry F1EXP(_512”]§]Z i,(25,,MPry,) i  2D° (—b¥)"(3/2), (SLMP*R})
Vg Jg =0 Iz T 3vnlane ni(5/2), Z;:u J1(372),
F; L Y(MBYY,™ (7). (3.1.16) [[(n+j+3/2) . .T(ntj+5/2) 4

[ 7 L= W (M P) Y () | . e S a7 T OED)
The angular part can be evaluated as in a previous e (o rnsarsy 12 s
article [24] given by = 3»-?2"20 ni(5/2)y ﬂ[r(n+5.-"2}+ (ESfZMPZ Slz)RS rin +m}+ O(Rg)]

[ R T Y (MP) Y (7)) = 6 (.1.17)  —izles R G bE )+ GsaWP - su) REED A (5 3 7))
Thus, we have Lo(RY) (3.1.26)
Ly = s Iy dry By exp(=S15rih) i0(25,,MPry) = 12 w118 he error term o(RYH 1s in the order of

R = 0.53179747(—15) for the case of hydrogen, which
where
65 Open Access Journal of Chemistry V7.12. 2025
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is very small. It is easy to derive that the generalized

hypergeometric function .=(.%:% ) can be expressed
as the integral representation given by
2F (%% %S —bz} r(s;z)r(s;z}f du f dv uvexp(—b uv) (3 1 27)

r{z3/ar(z/n-o
The integral in Eq. (3.1.27) has a constant value, which
can be evaluated by the Gauss-Legendre quadrature
(GLQ). The constant value is 0.9961218237(-2),
obtained from the 4096-point GLQ. The value of the

A (%% -») 18 also a constant. It can be evaluated by the
asymptotic expansion of it from the formula number
13.5.1 of the Abramowitz and Stegun [27] as given
by

a3 )-SR 5)

Thus, we have

(3.1.28)

1 =2 [ du [} dvaw esp(—btun) + 2 (255 WP —5..) (R - 272 ) + 0(RD)
(3.1.29)
Next, we evaluate 172, Using Eq. (3.1.22), we have

= 1
I = J. d?’u—exp( 512""\1) 14(25,,MPry)

(SIZMPE)} 2j—1
_Z -0 _,i' {3’;2) J‘ df:'-".r:'-‘l'j EXP(_SHT:EI)
J= i Rp
(s MP?)

ZZ} ] .-' (3-';2]

1

== dx exp( Sax) + = slePZZ
2 R" x

j : dxxi texp(—S;,x)

(SEFP?) [
i'=0 J'! (5/2]jr R2

dx x7 exp(—Sy,x)

(sL7P7)

A
) ( 1 )j'+1
O iEp \sg

=2T(0,5,,R3) +7SLMP Ly -

T(j'+1,5.,R%)
(3.1.30)

where I'(a@,x) is the incomplete gamma function of
the second kind. We know that
r(0,5,,R3) = —E(—53,R5) = —y — In(5,,R}) — 51,R3 + O(Ry)
(3.1.31)

where y = 05772156649 1s the Euler constant and

E;(—x) is the exponential integral, and it is easy to
derive

:]J' +1

o (3.1.32)

'+ 1,5,RD=T(("+1)— + O(R{)
Thus, we have

out 1 1 2 1 TTD2 5 JTD2
155 = = Sy =S In(SzRE) + 35 MP? oF, (1.1:2,5; 5,,MP

1 5 j A— 5 S
L,= _Eln(suﬁu) +C,+ gsleP 2F (1, 1; 2,5; 5,.MP )

lez5752,.2 4 3 2 4
— =S5 MPry +-S5,15 + O(R
27712 T 21270 (Rg) (3‘1.34)

where

C,= "—;f; du [ dv \uv exp(—b?uv) —%y = 1639057508 (3.1.35)

Next, we derive I, and I;. Using a similar derivation
from Eq. (3.1.11) to (3.1.34) for I,, we have

I, = 4mexp(—5,MA* — 5,MB*) I, (3.1.36)
and

I, = 4mexp(—5,MA* — S,MB*) I, (3.1.37)
where

L, = %aﬁ-

MP \F, (1; 25 5,0P°) — ':BMB MPBS,,;7¢ — (ZMB1L,, + 0(RY)

(3.1.38)
and
z — 3.1.39

Iy, = %5% 1F) (15 %i 512MP2} _%G”uz + 0(Ry) ( )

Substituting Eq. (3.1.34) into (3.1.15), doing (3.1.38)
into (3.1.36), doing (3.1.39) into (3.1.37), and doing
these resulting equations into (3.1.3), we have

1+s 1+s
(A A( B

I=z2 hfij ds J dS5,(5,5,) 7% 2exp(—5,MA°> — §,MB>
ME T(1+c)TA+25) ), 1 i 2(5,5,) exp(—5;. 2 Mo

{(i = RSEMB )Mo + folaa + filsa} + O(Rg)  (3.1.40)
We evaluate the remaining integrals by the numerical
integration. To do this, we first change integral

variables as follows: We set sz =z and =w. The
Jacobian is given by

(5. 85) _

(=) (3.1.41)
Then, we have

1+sﬁc1+ss

I=Zyeh? —4 8
M T+ 2T (L +22) ),

(1 - w)zHBYf,

idw [w(1—w)] 32 Jm:dz:/:_2
exp[—wzMA* —
{(A-RGMBIL, + iy, + fil3.} + O(Rg) (3.1.42)
Further, we separate integral over z as follows:

- asze Where g2 can be chosen arbitrary. We

choose a® = 4 here. In the first integral in the right-
hand side of the above, we change integral variable

0y 1., . (3.1.33) from z to u = a?z and do that from z to u = z/a? in the
—15LMP?R; +25,,RE + O(R}) L :
3 2 second integral. Then we have
Substituting Eq. (3.1.29) and (3.1.33) into (3.1.18), [z =a® flau +a [Paus (3.1.43)
we have
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Thus, all integrals are for the interval [o,1], which can
be evaluated numerically by using the GLQ. Using
Eq. (3.1.43), we have the final formula given by

g-J.+ 4 <1+ B 1

e
afr(1+sﬂjr(1+sﬂ)odw[w(1 ]

I =Z,eh

1
{ J du exp[—wua®MA® — (1 — w)ua’MB> ]fll}
)
|:1|1:| |1}+f|1} 1}+f|1] |1}:|
' wo,__ 1-w 1
+ | duexp [——a‘ MA® — a‘MH‘} fa
o L ks

[f"}f"} e ‘3';"}] }+ O(R%)
(3.1.44)
where

(1 ¥
R0 = [

2wua

1 (1-¢,)%4 1 (1-¢,)%4 ¥
2 .Jr[, dt; r4a+-f.<. - .Jru. dty A ]ex‘p [_ ..

e (3.1.45)

A [, o)
2 t?+=-3 y t3+3

1 _ ¢ ¢
£ = [ 2(1 —w)ua? (2(1 — w)ua? J;

ull 1 (1-t,)%B (1—¢,)" ulf
*es (:(;—uf)a“ fD dty & 3 _f dt; """“EB ) ]exp [_ 4(1—1—}1"‘:3]’
: g 3.1.46)
(1-1,)°B

ffl (EB..r dt"% ..r dt s+s}3

)exp [_ 4111—\53%&%:] (3.1.47)

W iz (1—1t,)°E (1—1t,)%E
o dfﬂi e L 2ty
2(1 — wlua tﬂ o t
- B(Eaf des ST + (24 e) [7 e S5y )| e [—ﬁ]@_l_gg)
(1) 5 2
Lo =—5- E,.)+ +—a %o 2 | 112,55 ua'xg
1 4z, 3a% g (3.1.49)
—Eﬂ: XoTo +ET‘|}
0 _Ew R Bty 6N
Ly = 33}1 1F1{1 7 ua xo) fE: — (MBI, (3.1.50)
[ _t B E (1.2 ua? L - (3.1.51)
3z pgEgz 1M1 L G Ud Xp ‘m:-.(a"b
@ _ [ uii . (1-¢,)%4 1 (1-¢,)%4 uf} 3.1.52
fo —[ﬁfo dt, ==t — dtlg+—aa]ex¥’ [~ o] ( )

@ _ uly (1-¢t,)E (1-t)°
A _[ 2(173/){1 (2(17w)uaj-d 5+3 3.[, f2 tEHB )

e (s Iy e — e ) Jewe [ gmEig]3-1.53)

(1-wlua

(1-£,)"
+J, dt, sizg

7= (e f} dtqll,,i“ss %) exp |- 22 ] (3.1.54)
)

(2 : 1—1t,)E 1 -
1=t [(an U5 [ O
2(1—w)a? t; o £t

1= (1-¢,)°E (1-2,) {
(saf dt, ¢ ,,23 +(@2+ep) [ dn%gs)} n[- “*wf”]

) ~(3.1.55)
2 1 a” 2 1 2 5 a°
Ila Z—EIH ?RD +CD+£G Xo :FQ 1,1:2,5:?2’,0

—lataip? 42,2 (3.1.56)
2 = Yo 1F1[1: > ﬂ_axﬁ}_{_ﬁﬂa) ; — {zMB’I, 2 (3157)
42 =28 5 (13 2x) - 137 (3.1.58)
x,a:w:MAz+(1—w]2m2+2w(1—wjm-m (3159)
and

¥y = WMA - MB + (1 — w)MB>- (3160)

Using the 128-point GLQ, we have the value of

I with 8 significant-figure precision. We obtain
1 =o0.21580602ek? fOr the case of three hydrogen atoms

xs |S

located at 7= e and 5- =

(0,0,0)> 5=(—‘;—§ N

3.2 The Term 4 - VA
We evaluate the molecular integral-formula over Dirac

wave functions for the term 4 - VA with potentials of
the finite nucleus for the GCDD model as follows:

The 4 is given by Eq. (1.6). We have
& e(x,y,2) (3.2.1)

< XpualA-VAlxp == - z%_:ezm Hagz Barn ey

where

Iz, =R_:’1::.,,_;fd; Foﬂﬂ@ﬁ’"w Eaau )T EXP( Caty — {p75)
(3.2.2)

We first derive

Lo = 2 [ RER (G — 2 4y P exp(~um — Sema) 3-2:3)

We use the Gaussian-transform for the Dirac wave
function centered at A, as given by
(3.2.4)

(s 5
_.5_ — 2
2mr(1+= A:lf ds 5 EXP( 51?;1:] f[}

T “ exp(_qﬂrﬂj

where f; 1s given by Eq. (3.1.4). We use also that
centered at B and have

z-_+£;,e-_+£3 (325)
= __ 4 B 3/2 i
T 4nT(1+s)T(14s s}f ds f dS, (5:5:) ™ fohoa 11
where
2 1 (1- ;\.) - "") ;
fos = [e_;? Iy dtz t‘*ifs _f dt, "153 ]exp [_ 4?:1]
. : = (3.2.6)
and
3z 5 2 2 2 :
I = 5= [dr REF () —zi)exp(—Sy1 — 5,75)
m— (3.2.7)

We know that ™ =% =3 ~3°G) Then we have
SR (3.2.8)

67
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where
Ifx_ 572, Id"“ Ty Fo Fy Fyexp(—Symi — S,77)
(3.2.9)
and
I:fg: PRy fd'r FyF Fyexp(—S;7j — 52?“32)520(@
(3.2.10)

Using the Gaussian-product rule, Eq. (3.1.11), the
Sack’s formula, Eq. (3.1.12), and the Gaussian-
product rule again, Eq. (3.1.14), we have

3% = 47 exp(—S,MA* — S,MB*)I% (3.2.11)

and

I = 4w exp(—5,MA* — S,MB*)IZZ, (3.2.12)
where
I5E = 371??2 7-’; dry TMFDF1F19XP(_512TM) Z i,(25,,MPr)

J 7 Tz W (P (7)), (3.2.13)
and
I3 = h_a—%-,;xdm ﬂéFoFlﬂeXP(_slzﬂfr) zizui;(ﬁuﬁm)

[ T Shummt Y (FP) ¥ (57)"S 20 (o) (3.2.14)

The angular part can be evaluated by using Eq. (3.1.17)
and as in a previous article [24] as given by

If;;z‘imz—i Yim(’_‘i.:f_p) ﬂm(ﬁ]*szu(m = T‘EI' 6!2 sa;nqg’?‘j (3 2 15)
Thus, we have
5= Pwcycm .r drHTHFDFlFl exp(— 5127'4) Lu(zslePTu) (3 2 16)
and
—&4 s;\n[_j
I = 572, dTwTwFuF1F1 ex] 5127\4 2(25,,MPry
= 3 P(=Siarin) 2 ) 3.2.17)
We evaluate IZZ as follows: We have
23': — IEE!‘?‘!- +IHEDT.LE' (3.2.18)
where
=i = axm —o [ dry s Fy Fy Fy exp(—Sy1,12) i4(25,MPry)
(3.2.19)
and
JEEout = TEhT j dryy oy Fy Fy Fy exp(—Sy,ma) i5(25,,MPr, (3 5 20)

In order to evaluate IZ=™, we use Eq. (3.1.13) and
(3.1.21) and have

— 64 Z (SLMP)!
w273 ] Laj=g j1(3/2);

(—1r2)™ "™ (3 2y (3720 (172D, Jzsin (3.2.21)

1 R . 1 jtngzs
=3 dx 27T exp (=5, x) =_(_) Y+ Mazss S12R3)
2 o 2\5y,
i+ +5/2 .
= 1(i)-F e (5 sz-ﬂﬂxzs*&"rz w
2\s,, e T(f+ 1405 +7/2)
, 5 7 .
121 (J T Tlypp T EU T 73 T 3 —51.R;
T(j +ny, +5/2)

1 .
= Z (R2)Jtnus ¥5/2
(ko) T(j+ny,5 +7/2) t

7
IRt P _Slchzr)
(3.2.22)
where . =n +n, +n, Substituting Eq. (3.2.22) into
(3.2.21), we have

5
B (j+n]_25 +E

i
Za 271327 2150 jya/z);

Z (=b%)"s=(3/2),,, (3/2), (1/2),

ﬂ,_nlns=0n1! Ty ! TI'.3! (5/2)14,_(5/2)%5(3/2)?55

T(j+n4,; +5/2)

5 7
F 7 T —; =S Rz)
F(j+n123+?/2j11(}+n123+2j+n123+2 12

32 b° R ,
= 377 3/ 22 [ St ( S5LMP 512)R05A1
o
+(Z54MP* — 155, MP? + 152 ) RiS,, + O(RS)
=o1z 3-12 7712 o a2 0 (3223)
where
_ [_szﬂus(a {2, (372, (142, T(myeg +5/2)
Sa0 = Eﬂ—iﬂ—z%s:” nylnging (52, (5/2)n, (3/2)n, r(nm+7,-fz)(3'2'24)
_ (=62)"™*® (3/2)n, (3/2)mg (1/Zmg Tlnpgs +7/2)
Sa = E“Lﬂ—a“s:”‘ ny g ing (54 2y, (5/2n, (3/2)n, Ting, +3/2) (3225)
and
(=5%)"*® (3/2)p, (3/2)my (1/ Dy Tinggs+9/2)
SAZ = Zninaﬂ.szﬂ

nl!nnlnsl(SIE}ﬂL(SJZ}ﬂn(Hfi}ﬂs T{ng,, +11,/2) (3 2 26)

Summations, Eq. (3.2.24), (3.2.25) and (3.2.26), can
be calculated in Appendix A.

Substituting Eq. (a.33), (a.35), and (a.4l),
(3.2.23), we have

into

==in 2 1 4 1
zrﬁ_ﬁ_ﬁ_n_ﬁ(cﬂuﬂ — Cagp — Cape T CADd)
2, b3 8 5
+ (ESHMP _512) ﬁcx‘llﬂ _ﬁcﬂlb - E(Cfllc - Cﬂld]
4 _ 2 _ 1
+ (—szMP“ ——SiMP*+ —sfz)
15 3 2 (3.2.27)

Ry i Irp 35
[ . 3 n - (CAZc CAZd - CAZs + CAZf) ] + O(Rg)

Next, we evaluate IF2°*. For the outer part of the
finite nucleus, we use the asymptotic expansion of the
molecular incomplete gamma function given by Eq.
(3.1.22). Substituting Eq. (3.1.22) into (3.2.20), we
have

Emﬂaﬂfﬂ 1y mying (52, (5/2ny (3/2n, e (s3,7%)
[FFout — _f d-r“ 3 EX[J( Slzrwjlo(zsleP T'“j = —EJ e e, xzour
where &, demyss
Izgfﬂ =J‘ d‘r: r J¥myas exp -5 1’;2
=] en (=517 (3.2.28)
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where

= ail . 1= -
e = J dry T,\;} : exp(—5y,m) = EJ dx x? " exp(—5;,x)
R R3

o

= if dx —exp(—5y,x) + ij dx —exp(—S5;,%)
2 - 2 2 x

Ry

+£4°—a4—_|" dx x/ % exp(—Sy,%)

(3.2.29)
Substituting Eq. (3.2.26) into (3.2.25), we have

EZout
2a

Si 2 ,
= ?r(—LsﬂRSj +5SEMPT(0,5,R)

52 1:»;‘15"]-'r 1y z
= |3}rl?fﬂ:lr(;) 1—‘(} +1’512Rﬁj (3230)

We use the formula number 8.352.8 of Gradshteyn
and Ryzhik [23] as given by

R
—SHMPAE o

, (3.2.31)
r(—n+k,x) =I‘| [I"(IJ x) — exp(—x) TS (— 1)”‘ m ]
Thus, we have

—S,,R2
r(—1,5,,R?) = E,(—5,,R?) +M
S51.R;
R: (4 —5 2 243 1c2
- (LsymPt - 153 +153) + 0(RY)
(3.2.32)

=y +In(5,,R3) — 5,,R: tom ot SLR + O(R{)

Substituting Eq. (3.2.32), (3.1.31), and (3.1.32) into
(3.2.30), we have

, 1 142 )
zx:o..'.t = 3R§ — 5[3 SleP —512) []’ + ln(SHRGJ]

S1a
3

+453W“ F(113? s Wz)
45712 e L

3.2.33)
Ry

—?( 5P — 153 WMP? + 252 ) + 0(RY)

Substituting Eq. (3.2.27) and (3.2.33) into (3.2.18),
we have

33=ﬁ+1(ESZMP:—S )
2o TD: 3\3 12 12

b Sy 4 7
[CA1+1n(5uR5)—?+ESLMP“ R.(l 13,25 Sy, MP }3.2_34)

where
Cio = E -1 (cm Caop — Cape T Caga) = 0.2222222222 (3.2.35)
Ca =V~ %CAIE + v% Cary — E (Care = Cara) = _2-28789421':(3.2.36)
and
Cor = =22 = E(Cor = Cana — Caza + Cazy) = —07360218971 (3.2.37)

Next, we evaluate IFZ as follows: We have

IEE':’ —_ IEEE?'! _|_ IEED:.'.t

(3.2.38)

where

I =_-e.’4_smlwp f dry 1y Fy Fy Fy exp(—S1,m) 12(25,,MPry)

e (3.2.39)
and

13550 = 3,;:’: 53;;—;:\)’) f d""w"’"w FyFy Fy exp(—S,mi) i2(25,, M Pryy)

(3.2.40)

[zzi N

With a similar derivation to that for 152

. , 83
I = 5%,5,,(MP) { -

, we have

1 1
du J. dvuv e —b?uv
45\%[ v =p( )

dfd Vuv fdsfdfd Veuw
“ "t w)? 1+1w)3 3w “ "ts+uww)’ 2 (1+5+uw)7/?
= \.-'uv

2 1
—— | ds | & d

3“-’; J; RJ- "U+s +sur)’’?
4Rt zn;“ Br[;
45

45\,"?’[

?’r Fir Vsu

; (1+s+u)9"r‘ Qf Jdu(1+s+u)9”‘
7 - 7 3,3/
Tof f (1+54:1;uj‘~‘f TGJ f “Ars+sw” ] }
+0(RE) (3.2.41)

All integrals in the above Eq. (3.2.41) are constants as
given by Eq. (a.36), (a.37), (a.46), (a.47), (a.48), and
(a.49). Substituting these constants into Eq. (3.2.41),
we have

32 2
=i = 525, (M { ——Capp + = (Care = C
12~ 20 ) -— Alﬂ 45\."’% Alb 3?1_( Ale Ald)
2, . 4R 21§  8rf
+(—5‘HMP‘—5 )[ e
7 1 1z 45 ' 15 = 457

7oE
+3_’_:(C.qzc — Cazg — Caze + CA:f) ] }+ O(RE‘;)

(3.2.42)

For the term I52°**, with a similar derivation to that

I’B’E’I‘J Uk

for , we have

- S a o .
15299 — 525, (TF) { 2oy + In(S1aRE] — 5op S2a8P7 o5 (1. 152,25 5,.7757)

4RD

= (2SLMP? —5,.) +ORD ) (3.2.43)

Substituting Eq. (3.2.42) and (3.2.43) into (3.2.38),
we have

8 __, 9
1 = 53,5,,(M ){ 25 In(S0R) + Cul — 575 P‘QFQ(I,I:Z,E:SHMP‘)

- 512) 75 Caz } +0(Rg) (3.2.44)

— Capp + Cypp) = 0.1962725059

(3.2.45)

2 8 7
Caz = P + a"' ;[CAZS — Caze

Substituting Eq. (3.2.34) into (3.2.11), doing (3.2.44)
into (3.2.12), and doing these resulting equations into
(3.2.8), we have

1
e +( 55:(0P) + S =, I(5,R3) +

69
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5”+45 2 MP* F[113? s P)
3 45 12 2 2 12

g N — 9 S
= S SR MPSy(MP) F, (1, 12,75 sump‘)

4 2 .1
+(E512MP —E.S'uMP‘ +551‘2)T5C}12

+(2s5mP? —5,,)fCas  }+O@RD (3.2.46)

Substituting Eq. (3.2.46) into (3.2.5), we have

cl‘i‘ A(l‘f‘ B oo o ,
L. = ds, | d5,(5,5,)7%"?
ZE F(1+EAJF(1+SB)J. 1J‘ ‘( 1 A) foDB

C 1 5
{ AD + (4551‘520[ ) +2 Sr'MP _5512) [IH(SﬂRG) + CAl]

Sia
3

+453W“ F(113? S WE)
45 1z 242 !-'!2! 12

8 S I 9
———55L,MP5,,(MP) ,F, (1, 1;2,5; 51z

Mpf)
315

4 J— 2 S 1 . .
+(E512MP —gsleF‘+55ﬁ)TECA2

7 R p— 2 3.2.47
+(3sEMP2 -5, ) rC,s |+ ORY) ( )
We evaluate the remaining integrals by the numerical
integration. To do this, we first change integral

variables as follows: We set s, =z and , . The
Jacobian is given by Eq. (3.1.41). Further, w’e separate
integral over z as is same as for Eq. (3.1.43). Then, we
have the final formula given by

14z, -1%= 1
': A': B J d_w [w(l_wj]—ﬂ,-"z
V]

I..= =
= T(1+4+)T(1+55)a?

1
{ j du exp[—wua*MA* — (1 — w)ua*MB> ]f‘i} (1)
o

C 4 2 a?
Al 2 4 2n2
— 4+ |—a*y, ——a“x,+ [In{ua*R:) + Cyy]
[ wlr2  \45 7% 97 70 3y or A
e + * F, (1 1;3 ) 8 F, (1 1;2 )
ERT- ua®x; . ua’x, 315ua Xy¥p . ua’x,
4 s 2
+{Eu a®xg uaxy+-a )To C, +(;u ax,y,; —ua v[,)'ro Cy3 ]

[ CAD+ 4 at 2a* +a2 ) aZRﬂ +c

e e n|—R;

ity 45u2°% 94270 3y u ° 4t

a®  4a® 7 ) 8 a® 9 )
_£+Eu_3x° 2F (1,1;3,—; ua xo) Y — %Yo 2 (1,1; 2,5; ua x[,)

4 a® e 2a® 1a* Zas a® 5
+ Eu_" I o+ TOCA + nyD_u_gyD 75 Cas ] }

+0(Rg) (3.2.48)
where f®is given by Eq. (3.1.45), £®is given by
(3.1.52),x51s givenby (3.1.59), y, is given by (3.1.60),
C,p 1s given by (3.2.35), ¢,, 1s given by (3.2.36), C,,

is given by (3.2.37), ¢, is given by (3.2.45), and £’

and £ are given by

f; 0.31) [ ':l—if‘}ua"" fol dtz flf—;ﬁf - fol drz (1:_"‘3?:3] exp [_ 4(1—»§ia%i]
(3.2.49)

and

£ = [t fy a5~ £} e O | ewn [ 2]
(3.2.50)

For 1., we have it by replacing y, by _1 (s + V3v2) in

Eq. (3.2.48), where y,, is given by

ZZ’
Vm = WESZm(_Eq‘) + (1 - w)zszm[M_g) + W(l - WJSZm(m’m: 1)
(3.2.51)
in which s, (mM4,MB;1) is the mixed solid harmonics
defined in a previous article [28] as given by
Sym(MA,MB;1) = 2MA_MB_ — (MA,MB, + MA_MB,)
(3.2.52)

For I

XX

I.., Eq. (3.2.48). For I
for I

Z2°

we have it by replacing y; by . (50— V3v2) in
e T V3,

I, a similar derivation to that
we have the final formula given by
r;-l-l- A',"l+ B 1

T T+ )T (1 +25) ),

dw [w(1—w)] 32

a®[wMA, + (1 —w)MB,][wMA, + (1— w)MB, ]

1
{ J. du exp[—wua’MA? — (1 — w)ua®*ME*> ]fll} (1)
0

[ 2 In(ua®R?) + ¢ ¢ F(11zg 2 )
— Inlua“K; — ———uax, 5 |11;2,-; uax
15 49574 905 B2tz 2 0

2 4 2
+(7u avxy —ua” )TDCAE ]

1 w o 1-w 1 5.
+ | duexp [——a‘MA‘ - a‘MB‘] s
o u u

_RZ )+ — o’ (11,22, 2
T5a2 ! = Car 1051.».31"2 2\ S e

(Ei i (3.2.53)
Tu?

The I,

:_:}Tozc.qa } }"’O(Rg]

can be written as replacing wma, + (1 — wyMB,]
by [wma,+(1-w)mB,] in L, Eq. (3.2.53). The
I.. can be done as replacing [wma, + (1—wyms,] by

[wMA, + (1 —w)MB.]in 1. Of course

> Iy = Iy
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The calculation of ,F, in Eq. (3.2.48) can be described
in Appendix B.

Using the 256-point GLQ, we have the value of I_,
L1

s twyo txxt

and I_. with 7 significant-figure precision

and L, and I, with 5 significant-figure precision. We

obtain . &
-1, =—09808368(—1) — 1, = —0.9808368(~1)’

BA0 g

&
-1, = —0.9808368(-1) — I, = —0.32330(-12)

c

4
a8
C‘

I, = 022861(—12) and —:—:sz = —0.1101417(—9)
for the case of three hydrogen atoms located at

J‘v‘? = {:D,D,D)a i VBB 2y and BE= (7?,&,%)-

=7 J;’a)

Note that each main term of I, 1, and L, is Cyy /75

, which is very large. As the results, each value of
I, and I, is the same as that of I_,. Also note that

eachofrI_ . I

wy> Lyz> a0d I has not that main term. As the

results, each value of I, I

ey Lygs and I, 1s very small

comparing with that of I__.

33The Termp-vA+A4-vp

We evaluate the molecular integral-formula over
Dirac wave functions for the term g-vA4 + 4 -vp with
potentials of the finite nucleus for the GCDD model as

follows: We can easily derive the following relation:
p-vi=A-vp (3.3.1)

Thus, we have

= 3 i = r > i“zf'l'eah
{;(#A|p-VA +A-Vp|;(m }=2ﬂxM|A-Vp|;(vB == ZE_LLMEIE

(3.3.2)
§ € (xy.2)
where
I = %I dﬁﬁ X ﬁ)ﬁuﬁ?’f*( :fsg + %} exp(—{47 — {575)
o f‘B f‘B
(3.3.3)

First, we evaluate I, as given by

16 —s e — 5 5 {,
L= ”Tg.r dry(BM X Tlu}zFuFlfﬁq A(r;\f_s}; + r—;fsg]exP(_fArA —{575)
B

E

(3.3.4)

We use Eq. (3.2.4) and the relation derived in a
previous article [20] given by
3.3.5)

¢ G e -3/2
(w:-i-BEB + wl.-l-BEB) exp(—fa?”a) = 2RI (2+eg) J.D dszsz exp(_sz‘r&z)fz N
B B

where f; is given by (3.1.6). We use the Gaussian

T2

product rule, Eq. (3.1.11), the Sack’s formula, Eq.
(3.1.12), and Eq. (3.1.14). Then, we have

I :ﬂjrgds des (515,) 3 2exp[—§,MA* — S, MB*| fofolf
=TT +e)l2+2) ), 10 212122 P21 2 o/241
(3.3.6)
where f; is given by Eq. (3.1.4) and
16 = _
If=— | dry 13 Fy Fyexp[—Sy,137] Z (251, MP 1y )
Ty Jy =0
i
f Ay zmz_i?’a”(ﬂ”’) ¥ (BM x 7)), (3.3.7)

The angular part can be evaluated as in a previous
article [24] as given by

[
[amy vy @ xR,
m=—1

5 s EOE), s (),
L S - = Tu 15T wE (338)

Then we have

1

WP dry, 13 Fy Fy exp[—Sy,7 14 (253, MPry )

—
e 16 511MAXMB)EJ“=
T S0 F 0

— Ifm + Ifo'ut

(3.3.9)
where

Ixoutz 16 5_1 MAXMBJZ
1 mrg Sig MF

f: dry 137 Fy Fy exp[—S i)t (25:,MPry,) (33 : 10)

and

16 5, (MAXME), o

Zout 1 z 3 27;

K== T IR dryy Ty Fo Fy exp[—Sya73 11 (251, M Pry)
0 “i2 + ]

(3.3.11)

First, we evaluate IF™®. We use the power series for the
molecular incomplete gamma function, Eq. (3.1.21),
and have

(= 1/75)"=(3/2),,, (1/2),,

Ixin —
: 11, (5/2),, 3/,

—
16 5, (M4 XMB)SZ
MF

4
3mry 54 ny.my =0

RD
J- dry T:'j'nu v exp[—S, 47 i1 (25, MPry)
0

(—1/75)"=(3/2), (1/2)
nyin,! (5/2),,(3/2),,

16 (WXﬁ)zzslﬁz

31y MP 3 amy =0

@y (3.3.12)
Jj=0 JiED); 1z

X

where we use Eq. (3.1.13) and

. & . 1%
5 = [ e el syrf] = 5 [ dnatet remp(-5,0)
] 1]

11 jHnys #5872 . 3 )
-2(5) (e +3s surd)

T(j+ny, +5/2)

g RZ J¥n,, +5/2
(12Rs) T(j+n,+7/2)

1( 1 )_il"fﬂlz"'s.-'rZ
512

71
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5 7
1F (j +ny; +Eif+"12 +E: _5121‘35)
1 iim Ti{j+n.; +5/2)
=E(R§y+ u+5;zm B (,=+n12 + ,Ja+n12 + —55,R; )
(3.3.13)

where we use Eq. (3.1.25). Substituting Eq. (3.3.13)
into (3.3.12), we have
_16b°y, - (=692 (3/2),, (1/2),,
= on Sl(mx”ghzw,:u 7,111 (5/2),,, 3/,

Zin
Il

Z (SEMPERYY T(j+nyy +5/2)

_ : ~5,283)
g=o J1(5/2); TU+ny,+7/2)

5 7
1F3(j+n12+5:j+n12+5;

16657, =3 AP
=?051(MAXMB)S{ Spt [gslzszz _Slz]Rgssz +0(R3) ]

(3.3.14)
where

S, =3 (=2%)"™ (3/2)p, (1/2)n, Tiny +5/2)

M2z =0 o ing 15/, (3/Dy, Ting,+7/2) (3.3.15)

and

(_bnjﬂm(aa‘rZ}ﬂiﬁl.ﬂ}ﬂz Tim,,+7/2)
nyingl(5/2)n, (3/2)y, Ting+w/2) (3.3.16)

S5p2 = Eﬂ-i,nz=ﬂl

Using a similar derivation to that in Appendix A for
these summations, we have

s s (3.3.17)
Bl 4p% gps
and
. (3.3.18)
B2 ™ ap® 16477

Thus, we have

5" = 5,(MA x MB)_ {%Ru - \Erﬂ + Esfzwz - 512] (2R3 - f;" )} +0(rS)
(3.3.19)

Next, we evaluate If°*¢. For the outer part of the

finite nucleus, we use the asymptotic expansion, Eq.
(3.1.22), and have

—_—
i MAXMB)ZJ“ 1
M_

=2 dry, —exp[—Sy,7ig 113 (25, MPryy)
51z Ty ' '
—5 (MAXME), 25,777 s _ (s2.9P)  _oue
MP 3 U0 Gussz; e (3.3.20)
where
= : 1=
52 = [ e exp(=sri) = | | dxx exp(=50)
g Ry
1 f 1 ni¥1/2 1
1L 1"(' 1.5 Rz} (3.3.21)
2(5‘15) j+2’ 12770
It is easy to derive the following relation:
1 AN, U . ) 3.3.22
F(” T SlzRg) - F(” + E) Y e T O(R;) ( )

Substituting Eq. (3.3.22) into (3.3.21) and doing the
resulting equation into (3.3.20), we have

I5°% = 5, (MAX ME)_

BrE 1n (5 5 5P~ 58 -~ (o3P — sy Ri)+ 0883 3 03)
Substituting Eq. (3.3.19) and (3.3.23) into (3.3.9) and
doing the resulting equation into (3.3.5), we have

1+ 3+
(A SA(B ]

I =7f ds f dS, (5,5,)"% 2exp[—5,MA* — 5,MB%]f.f.
Z F(1+Eﬂ)r(2+sﬁ) . 10 2 1-2 [ 1 2 ]DZ

—
5,(MAx MB)
-

E = R (35 5, MP?) - By, - [Esz WP s, ]25'°}+0(R5) (3.3.24)

We evaluate the remaining integrals by the numerical
integration. To do this, we first change integral

variables as follows: We set 5, =z and =-u. The
Jacobian is given by Eq. (3.1.41). Further, we separate
integral over z as is same as for Eq. (3.1.43). Then, we
have the final formula given by

<1+SA§3+53 1

_ D A ] -1/2 -3/2
I.=(MAXMB) ————— | 4 1-

: ), Tt egr@iey ), ™ (=W

1
{ J- du e}-:p[—t.qmazm2 —(1- W)RQZWZ]}C-DU}EG}
0

[ 2w (1 5, ) V2r, [2 , l]zsffrg ]
Fauez Y1zl Mo JTu 51 o 927
w _— — W R
+J- du e:n:[::[—;a.zj‘bi’fl2 — azMBz]fD(Z}f(Z}
V]

[ 2 w E (1 5 a® ) VI [2 a® _1] 25ary
- — X - =" - Xy — —
3‘1“1;;\ 141 2t 2! o f 5 u o S 2

| J+o@p
(3.3.25)
where fuil} is given by Eq. (3.1.45), £ is given by

3.1.47),x,isgivenby(3.1.59), 7*¥isgivenby (3.1.52),
o g fa g

and £ is given by (3.1.54). Replacing (6 x F1B) b

(F7A x 778) in Eq. (3.3.25), we have the final formula of

I,.. Doing that by (¥ x ¥1B), in (3.3.25), we have that of
I.. Using the 64-point GLQ, we have the value of I_,

> and I, as glvenby h; — _0.07838414(— 5)1, r=0

and i for the case of three hydrogen

I, = —0.69182206(—5)i

atoms located at M = (0,0,0), i- (%, _ [z, and
3" 3’3

Note that.

7. =

) e —
=T pf =T

33)

(MA x ﬁ)y = MA_MB,— MA_MB_=0
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3.4 The Term io - (p X Vp)

We evaluate the molecular integral-formula over
Dirac wave functions for the term ig - (p x Vp) with
the GCDD model of ¥ which is given by Eq. (1.7) as

follows: It is easy to derive the following relation:
< xualic - (B X VD) == 12, X 0: I ¢ € (x,3,2)

(3.4.1)
where
If = ] f drv.r 17y EXP(—fATA](ﬁX v]ETB_SBexP(_(BTB]
(3.4.2)
First, we evaluate IS as given by
17 = x;,s Jdr F, T “Aexp(—{umy) (1 X V)aty texp(—{z75)
(3.4.3)

We use the Gaussian-transforms for the Dirac wave
function, Eq. (3.2.4), and for the derivative of it as in
a previous article [20] as given by

igﬂ—f ds, s za,fzexp( —Sm5) f 3.4'4)

B
V“'rB exp(— 53?"3} 2/mr(2+:5) 70

where f; is given by Eq. (3.1.6). Then, we have

1+E4 LE+ER

fgzh—a—s—riuséir(“ss}f ds, [ dS,(5,5,)**ff15 (3.4.5)
where fu is given by Eq. (3.1.4) and
I:l = Idﬁ(ru X_j Flexp( Slrfl SETBE] (3 4 6)

We knOW that T X7y = 7y X (77 + BM) = 7y X BM = —r; X MB* Then,
we have

15 = = [ dny (g % MB), Fyexp(~S,7{ = 5,7) (3.4
Using the Gaussian product rule, Eq. (3.1.11), Sack’s

formula, (3.1.12), and (3.1.14), we have

= 4mexp(—5,MA* — 5,MB*)IZ%, (3.4.8)
where
4
15 = fd”'«r (Tw X MB)SFE.EXP( 512"’!«:] z i,(25,,MPry)
T

YRR
_ ¢

Varg
SR e Y (KTP) Y (7)) (7 X MB), (3.4.9)
The angular part can be evaluated as in a previous
article [24] as given by

I dry q&Flexp(—Slzt&)z £,(251,MPry)
o =0

[ Rl o v (MR Y™ (7)) (g X ﬁ)z = 1,6, (Mp;;m}z('j-zl._ 10)

We know #xw-zmxw, Thus, we have

1o, =2 5% MI dry 1y Fy exp(=Syyrip) 4 (25, MPry ) = I5" + 17

2" s, WP
(3.4.11)
where
3.4.12)

; 4 S, (MAME); (R, , —
12" = w'?ﬂ?i T £ fu ® dryy 1y Fy exp(—Syamiy) Li(zsizmpﬁu)(

and

4 5 (MA=<ME)
174 = = 51: sz‘ dry 1y Fy exp(—Sypmp) 11(25,MPry)

(3.4.13)

First, we evaluate I5™. Using the power series of the
molecular incomplete gamma function, Eq. (3.1.21),
and doing Eq. (3.1.13), we have

(sfamnjjz (_1-"r7'§jﬂ(3-"r2}n Fin
70 sz TP auss, z2a

(3.4.14)

4 5 (ﬁxﬁ}zzsumz

Im’n —
3VErE Sip MFP 3

where

Ry ) 1 R3 )
r:;:—f e i exp(=Sypr) =5 [ da T Pep(-5,07)
o]

1y 1 nJHni6s2 ‘ 5 ,
:z(g) v(j4n+ 35 5uR3)

=)
T2\s,

JHn+5/2

(Surpyresn LTI YD

5 7
F\Jj il =i
rG+n+7/2)" 1(”+"+2 jamts

_SIZREZ))
(3.4.15)
Substituting Eq. (3.4.15) into (3.4.14), we have

oin _ 5 (sLMP?RG)! (=b9)"(3/2),
12" = 9w 1(MAXMB)ZZFD j1(5/2); Znu n!(5/2),

T(j+n+5/2) . 5 . 7

TG+nt7/2) 1F1 (} tntojitntos —51235)
4b®r, 2 —  —= (_szu(3/2)n1—-(n+ 5/2) 4
9\;— Sy (MAX MB)HZFO n1(5/2), T[(n+7/2) +O0(Rs)
4b°ry — T(5/2) 37 B
o Y s (MA XMB). 177 1F1( L b )+O(R )
_at (3.4.16)

=25 MAxMB), XL (1- ) +orY

In the above derivation, we use the asymptotic
expansion of the CHF given by Eq. (3.1.28). Next,

we evaluate IZ7**. Using the asymptotic expansion of
F;, Eq. (3.1.22), we have

5 (MAxMB),

Joout —
San MF

f d‘r.,, exp(—S 2“4) 1(25,,MPry) (3 4. ]7)

Using the power series of i,, Eq. (3.1.13), we have

(2, mp%)

(MAxME), zsutrpE _
J=0 sz

MF 3

Fout

Fout —
I Z2a

5,
Ly

(3.4.18)
where

=

Fout 2_; +1 2y —

I _J. dry ry T exp(—5y,m7) =
R

o

1[= .
—f dx x’exp(—5,,x)
2)p
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- %(L)”l F(j+1; S,RE) = %(i)”l [ I+

sl z

(s..88)""*

- i+l

|+ ocrd)
(3.4.19)
In the above derivation, we use Eq. (3.1.32).

Substituting Eq. (3.4.19) into (3.4.18), we have

1z =1MAxMB),[ = R (13 5,MP?)-5.R8 | +0(RY)

(3.4.20)
Substituting Eq. (3.4.16) and (3.4.20) into (3.4.11),
doing the resulting equation into (3.4.8), and doing it
into (3.4.5), we have

1+zg4 7 3t+eg
I° = $a %5

—4 5| 45 ds,(5,5,)73/2 —S,MA? — S, MB*
T r(1+ SA)I"(2+SB)J; 1J; z( 1 z) exp(—S5; 2 Weofa

% F (1; ;; Slzmz)_ %511,02 :|_|_ O(Rg)(3'4'21)

Sig

— — 1
(MAxmE),| 1

We evaluate the remaining integrals by the numerical
integration. To do this, we first change integral

variables as follows: We set s, =z and =-,. The
Jacobian is given by Eq. (3.1.41). Further, we separate
integral over z as is same as for Eq. (3.1.43). Then, we

have the final formula given by
IZ= (ﬁx ﬁ) ﬂfldww_”z(i —w) 32
= T(L+ )T (2 +£5) J,

1
o

1 5, 1,
[ 3ula? 1y (1; E;ua xu)—ﬂ'ru ]

l-—w . (D)
a’MB* ™ f,

! W
+J du exp[——a’ MA? —
o u

[ =R 55x)-57 ] }+"{R3}(3.4.22)
where £ is given by Eq. (3.145), £ is
given by (3.1.47), xq is given by (3.1.59), £ is
given by (3.1.52), and f;z} is given by (3.1.54).

Replacing (FTA  ¥1B), by (374 x B) in Eq. (3.4.22),
we have the final formula of I7. Doing that by

(37 x MB) in (3.4.22), we have IZ. Using the 512-
point GLQ, we have ie?h’If = —0.8745759(—1)i

, ie?h’If =—0.6184186(—1)i, and ie®A’IZ =0
for the case of three hydrogen atoms located at

Al q— g g2
> A (_“?’_ 5’5)3

and Fo2 o2 Note

3’ 5’3).

that (374 x ME) = MA,MB,—MA,MB, =0

4. Conclusion

New Gaussian-transform formulas have been derived
for special derivatives of the Dirac wave function.
Using these, among all necessary molecular integral-
formulas for solving the molecular matrix Dirac
equation (MMDE), most formulas have been derived
together with those in previous articles [19-21]. All
integral-formulas have been derived for the first time.
We should add the Dirac wave function to our basis
set for solving the MMDE.

Necessary integral-formulas to solve the MMDE
are still remaining. Such are those for two-electron
operators as given by

G-(p+A)e (p+4)
Tag

< X#XK xl"xﬂ. =

4.1)
Such project is in progress.
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Appendix A. Calculation of Summations
Appearing in Eq. (3.2.22)

We calculate summations in Eq. (3.2.22) as follows:
We first calculate the summation given by

s Z (b= (3/2),,,(3/2), (1/2), T(ny35 + 5/2)
40 n._nnns=l}ﬂ'1! '”-:!na ! (5/2)?21_(5/2]?:5(3/2)?:5F(ﬂ'iia + ?/2)

(=52)™2 (372, 0 (3/2)ng Tinyy +5/2) F(
ny g1 (572, (572D, Ting+7/2) 272

= En._ra,FO

+%,%: 2 +;,%: _bz)

(a.l)
where n,, = n, + n,. It is easy to derive the recurrence
relation:

2P (ay, ay; ay +1,a; +1;%)
= Flag; a, ay +1; %)
! (a.2)
Using Eq. (a.2), we have
-+

51 73

2F (“12"‘ 12 T3

22" TP

Ny, +5/2 13
_mats (2
ng+z 11

2’3 (a.3)
We know the asymptotic expansion of CHF from the
formula number 13.5.1 in the Abramowitz and Stegun

[27] as given by
1 3

1F (; 2 b } Ery (a4)
We know the integral representation of CHF from the

formula number 13.2.1 in the Abramowitz and Stegun
[27] as given by

—b?) =TT gp 11 +3/2 exp(— b t](a 3)

s 7
F (n - n =
11 19+2‘ 19+2‘ Tin,,+5/2)

Substituting Eq. (a.3) and (a.4) into (a.2) and doing
the resulting equation into (a.1), we have

. VT (=b?)"2(3/2),,,(3/2),,, T(nyy + 2)
0 2b n, 1y =0 “1!'”2 ! (5/’2]:4‘_(5/2)?:2 r(ﬂ'ﬂ + 3]

1 (_szﬂﬂ (3/2jn1(3/2jnnr(n12 + 2) t Ty +3/2 2
T2 Lo Ty (5/D),,(572), Tl +3) )y S0 PP
_Vm (=b%)":(3/2),,, T(n, +2) ( 223 g S —bf)
T2 L, s 1 (5/2),, T(ng+3)° g M

1 1
——J- dt t3%exp(—b*t)

2 ]

(—52)™ (3/2)p, T(n.+2) 2 (a.6)
E"-_:“‘ n,(5/2)y, Tin,#3) 2P (nl +2’ imt 3’5‘ —b t)

Using Eq. (a.2), we have

F( +23 +35 bf)
2o \m T 25+ 30

_bz)_

_T+1/)T(u+3)3e 3Ty +1/2)Tm+3) 14 a.7
“T(n, + 3/2)T(n, + 2) 4b° zr(n1+3/2)r(n1+z)_£,d”’ exp( bs)( )

3/2
n +1/2°1

_om+2 (3 5

Thmti/2 1 573 F(ng +2; ny + 3; —b%)

and

F’( +23 +35 bft)
2B\ 255 T30

g =
40 16b°

_mt2 35 .y 32 ] .
_n1+1/211(z‘z‘ ) n, +1/2 JF(ny +2; ny +3; —b%)
_ T(ny +1/2)T(n, + 3)T(5/2)

1
T T(ny, +3/2)T(ny + 2) 1"(3,*2)L dss exp(—b7ts)

(a.8)

_ 3T(n,+1/2) T(n,43) (1 n,+1 32
2T (n,+3/2) Tln, +2) fﬂ ds 5™ EXP( b Sj

Substituting Eq. (a.7) and (a.8) into (a.6), we have
3w (=b*)"(3/2),, T(ny +1/2)
@Z —o ! (5/2),,T(n, +3/2)

(=b*)"+(3/2),,,T(ny +1/2)
ny!(5/2),,T(ny +3/2)

Sa0 =

ENE
4’b n, =0

1
j dss™*! exp(—b7s)
0

1 1
——J- dt t3/? exp(—b?t)
2 o

[ Z (—b%t)"(3/2), T(n,+ 1/2)
m=o 1! (5/2),,T(n, +3/2)
3 (=b%t)"(3/2), T(n, + 1/2)
24un =0 4! (5/2),,T(n,+3/2)
3m I(1/2) 15 )
T 8b*I(3/2) 1F1( b )

1
J. ds /s exp(—b?ts)
o

1
J ds s™%1 exp(—b?s) ]
o

2’2’
3\;1-:1“(1;2]-]' . (1 5 )
ds —b?s) ,F, (=5 =; —b®
4b T(3/2) sesp(=b's) 4R 50 5 g
3 . 5
——f dt t3? exp(—bt)
4 o
fdsr pres) L/2) (1 2, b?r)
\,SEX]]( j F(3;"2) 141 2 2

1 2 ~ T(1/2) 1,
fo ds s exp(—b-s) T2 1B [2 :

o) | (2.9)

We use the asymptotic expansion of the CHF from the
formula number 13.5.1 in the Abramowitz and Stegun
[27] as given by
1 5
=)

B (55 —b7) = (.10)

We use the integral representation of the CHF from
the formula number 13.2.1 in the Abramowitz and
Stegun [27] as given by

r-:s,f:}(
b

1 s 2. =31 -1/2 :
(55 ) < H e
A (3555 —b2) =2 [Fduw/2(1 — w)exp(~btu) (a.12)
and
(a.13)

WF (3355 —bPes) = 2 [T duu/2(1 - w)exp(—bPtsu)

Substituting Eq. (a.10), (a.11). (a.12), and (a.13) into
(a.9), we have

97:3“( 1) 9w [t

1
35 ab |, duu_lm(l—u]fo ds 5 exp[—b%s(1 + u)]
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g rt 1 1
—§J. dsV’EJ. duu'l’rz(l—u]f de 3 %exp[—b*t(1 + 5 + u)]
0 ) )
5 r1 1 - 1 a.14
+5f0 dss [ duu V21 —u) i de 3P exp[—b2t(1 + 5 + su)] ( )

We know the integral representation is nothing but the
CHF as given by
r)

J- ds s exp[—b?s(1+u)] = r3) 1F(2;3; —BH1+w)
_T@_ r@ (a.15)
T oria R 1+u)]®
1 r(5/2) 57
dt 3 %exp[—b*t(1+ s + F|Ziz; —b*(1+s+
L exp| ( s+u)]= T(7/2) 1 1( ( = u))
_T(5/7)_ T(7/2) (a.16)
r(?fz} [B* (1+s+-u}]5”=
and
1 r(5/2) 5 7
dt t¥ 2 exp[-b*t(1+ 5 + = Filzizi —P*(1+s+
L exp[=b*t(1 + s+ su)] r(7/2)* 1(2 2 (s m))
_ r(s/2) r(7/2)
r(7/2) [b3(1+s+su)]> 2 (a.17)

We use the asymptotic expansion of CHF in Eq. (a.15),
(a.16) and (a.17). Substituting Eq. (a.15), (a.16), and
(a.17) into (a.14), we have

s _9x®? op®? oym ot w'? o9ym id Vu
407 Y6p® 3207 85 ), (1+uw)? 8k u(1+u)2
2?WJ‘ J‘ Jsu 2 27J_J' J‘
32b° (1+s+uj*'~"2 32b° (1+s+u,)5="2

27\/_ —1/2 27w
HEETS dsf (1+s+m)5f2 B 32b5f f ' +s+m)5f'2 (a.18)

Each value of integrals appearing in Eq. (a.18) is a
constant. Each constant value can be evaluated as
follows: We use the formula number 2.213.4 and
2.211 of Gradshteyn and Ryzhik [23] given by

j- 1 _ W _.I- 1 (a' 19)
(a+bx)x - ala+bx) Za (a+bxx
and
1z b
"r dx (at+bx)x " Ve ﬂ.T'Ctgf (320)

where arctg x = arctangent x. Using Eq. (a.19) and
(a.20), we have

-1z

1 u _1 4
~ru du[1+u}= - E+4_ (a.21)
and
iz 1 T (a.22)

1 w
-rcl- du(lnd" =—zt:

We use the formula number 2.3.8.1 of the Japanese
formula book [29] as given by

rdx x*Ha —x)f 7 (x +2) Pexp(—px)
i)

= B(a,ﬁ)z_-"amhg_llbl (a,p,a: +5; —i,—p)

Re(a) = 0,Re(f) =0,z =0 (a.23)

where E(a,f) = rr(::}:;i} is the beta function and

$,(a,,a,, 5 X0,%5) is given by

":’- ":5 (a }'(’-+k5r'ﬂ“j;f1.

'kz! (cx}klﬁc;

1(!,11,0’,2, Cy7 X9, X 2] E

(a.24)
Taking the limit as p — 0 in Eq. (a.23), we have

J-a 2 a2
0 (xt+2)P

= B(a, ﬁ)z“"a'ﬂg 1 2B (p a; a+ f5; — ] (a 25)

We know the Kummer transformation as given by
(a.26)

2Fi(ay, ag; cg3x) = (L —x)7% ,F (ay,¢0 —ay; oy %j

Applying Eq. (a.26) to (a.25), we have

P T L

(x+2)P

_ B@h) asp-1

a
ID dx (1+z)9

R (Bps @t B 7) (a.27)

Takinga = Land z = ?, we have
i

Vox"(1-x)f" B(aB)
L dx (ayx+a,)?  (a, +a,)? 2fy (ﬁ piath; a, + az)
(a.28)
Re(a) = 0,Re(f) = 0,a,a, =0
Applying Eq. (a.28) with @ =1/2, f =1, and

2 = 5/2 to the integral

= . —ijz
MR T

1 1
I risf du U takinga; = landa, =1+
, and using the Kummer transformatlon we have
f dsf JEumt® = . (a 29)

U esra f (245)%/%(145)" Aoa

(z+s} o (1+s} *3 f

Theright-handside of Eq. (a.29) canbe evaluated by the
4096-point GLQ and we have 4y, = 0.3132315213
(which is in 10 significant-figure precision). A similar
derivation to the above, we have

z

401 E
(1+2:}5“‘(1+s} *3 f (142053 (142)% Caos

(a.30)
The right-hand side of Eq. (a.30) can be evaluated by
the 64-point GLQ and we have C,y, = 0.2459321581.
Also, a similar derivation to the above, we have

-1z
L dsfy dui—em =2y ds

1 1 WEau 21 e _ (a.31)
Iy ds AU e = Efﬂl A4S G leties . Cace
Using the  4096-point GLQ, we  have

1w = 0.7166865812(—1). Again, a similar derivation
to the above, we have
(a.32)

su

1 1
-ru ds_fu d“m

2 p1 =
=2 . N,
3 -ru (142052 (142) Abd

Usingthe64-pointGLQ,wehavec,,, = 0.6729936319(—1)
. Thus, we have the final formula given by
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(a.33)

27T
- = Cape T Cau-d)

3255 ( Ala

S50 = —
A0 T 1gpS  32B7 8BS

Next, we calculate the second summation given by

CADb

[_szﬂ-:.zs(a I, (342, (172D, Tmype +7/2)
1, My g =0 7y 719 g (52, (5/2p, (3/2p, T(mygs+9/2) (a.34)

Spu=1

With a similar derivation to that for 5,45, we have the
final formula given by

Sr 54/ 135» n

Sa1 = 753 Cate — 557 Caw — (Cdlc Cara)

(a.35)
where

Cara = J, du J dvuv exp(—b?uv) = 09961218237 (—2) (a.36)

The term C4y, is appearing in Eq. (3.1.26). For the
term €445, using 2048-point GLQ, we have

Vaw
Cap = j duj dv 5 = 0.2079827971 (2.37)

For the term C44., using Eq. (a.28) with a; = u,
a, =145 a=3/2, f=1, and p =7/2, doing
the Kummer transformation, doing (a.28) again with
ay =1 a,=1+s5 a=3/2, =1 and p=7/2
for the resulting equation, doing the Kummer
transformation again, and doing the 4096-point GLQ
for it, we have its constant value as given by

Caie _f duf dv_r ds

—_
(1+s+uw) ™2

V5 R [15/2;7/2;1/(245)]
(242)5/%(1+5)*

=5k & iy Tk 4
= 0.3742687401(—1) (a.38)
For the term €444, using Eq. (a.28) with a, = su

a, =145 a=3/2 =1 and p =7/2, doing
the Kummer transformation, doing (a.28) again with
a,=5a,=1+s5s a=3/2, =1 and p=7/2
for the resulting equation, doing the Kummer
transformation again, and doing the 64-point GLQ for
it, we have its constant value as given by

fur
P ——
(1+s+suw) 72

1 1 1
=fu dufu dvfu ds

CAld

= g8 1l 4 = F[L5/27/2i5/(1425)]

4 r1 ES
;Iﬂ-ds(uzs)sf“[us)“ EIO (1+2=)5/2(142)%

= 0.1586020540(—1) (a.39)
Further, we calculate the third summation given by

s =% (=6%)"*® (3/2)p, (3/2)py (1/2)m, Tlmopq +9/2)
Az 7y Mg g =0 nyingingl(8/ Dy, (5/2)pn, (3/2p, Tinggs +11/2) (340)

With a similar derivation to that for 5,45, we have the
final formula given by

_ox®? g7g®? (c
Az 3257 gap® ap® Ala

- CAZZ:I) -

(a.41)

‘3\45\.#
17857 ( aze — Cazg = Cape T CAEf)

where
_ 1 “u _ 1 *
CAEE - -ru. du (14u)4 - zfﬂ (1+x27% (342)
and
d -
Canp .r u [1+u}4 - Zf (1+x%)* (a43)

We take formulas from a Japanese mathematical
formula book [30] given by

J.dx x? _ x L x n x
(x2+ ) B(x2+c)®  24c(x?4 )} 16c*(x%+¢)

+—r—15marctan( ) c=0 (8,44)
and

x* cx Tx x
j dx (x24+c)* - 6(x2+¢c)® 24(x+c)° * 16c(x? +¢)
+_5J;';arct3n( G) [N :-:" D (a.45)

where arctan(x) = arctangent(x). Using Eq. (a.44)
with € = 1 and integrating it for the interval [0,1]
, we have the constant value of €45, as given by

Coioa = + > Using Eq. (a.45) with ¢ = 1, we have

also the constant value as given by Cyapy = _E + E'

For the term Cy4,,, using Eq. (a.28) with & = g, =1

,Pp=-,a, =1 and a; =1+ s, doing the Kummer
transformation, Eq. (a.26), for the resulting equation,
and doing the 4096-point GLQ for it, we have the
constant value as given by

1 1 5 1
o, =f d_.;j duLmz_j ds?—‘f
o s (1+s+u) 3), (2+s772(1+s)

N 8 jlds Vs 16 jl Vs
15), (24971452 105),  (2+5)72(1+s)°

= 0.1994662002(—1) (a.46)

For the term C424, using Eq. (a.28) with @ = g, f=1
, P = 3, a, = 1, and a, =1+ u, doing the Kummer
transformation for the resulting equation, and doing

the 128-point GLQ for it, we have the constant value
as given by

3/2 2 1 ua,-'ri
d =y
Caze f J“(1+s+u)9f= 3_’; “ruTa

ua.-"’z 16 ua.-"z
d
* 15_[, Cro Farwr 105J; “Crw (1t u)s
= 0.8519836140(—2) (a.47)

For the term C,,,., similarly to €, and using the 64-
point GLQ, we have its constant value as given by
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c lds ld SEV{E 2 lds 5.3
Az J; J; “Atstsu)e _EJ; 1+25)72(1+5)

N 8 J.lds s* 4 16 [* s®
15), (1425721 +5? 105),  (14+25)72(1+5)8
= 0.5697996217(—2) (a.48)

For the term 43¢, similarly to 45, and using the 64-

point GLQ, we have its constant value as given by
3 3.-“2

cay = [0 e

4 s*
35_[, (1+425)7/2(14 5)2

(a.49)
Appendix B. Calculation of ,F, Functions

_ Zj ds 53
C5)y (1+28)73(1+5)
= 0.2821839924(—2)

We calculate ,F, (1,1,-2 %;x) and ,F, (1,13 2;x)
here. Barnes [31] showed the asymptotic expansion

formula for the function oFn (g, @i P1,°"" s Ppi x)
as given by

(o) _ . My
]_[f 1{:(?}} pf;,{x}—exp(x]xz o {1+Zf = _l_hz} (bl)

where the Jz/x® is the error term. However, he did

not show the explicit formula for M, then, after
a numerical experiment, we have the asymptotic

expansion of the , (1 1; 2 }as given by
9 _ri{zr{s/) (Un(7/2y
255 (1,1;2 ;;x) = exp()LiLy =t

(for *=37) (b.2)
For x = 37, we calculate it by the power series given
by

=" (L)1)
2P (1 L22 x} L= 0 ni(2) (57208

(b.3)
After a numerical experiment, we have the asymptotic

expansion of the ,F, (1, 1;3 S, x) as given by

EE}ﬂESR’?}n
ﬂ

2 7. ) _T@Er/2 s
A (1, 13 3 ,x} ror exp(x) 32

(forx = 38) (b.4)
For x = 38, we calculate it by the power series given
by

7 =M (1) (1)
2Fz (1’ 1:3 ;,x F Adnhtia

} = 2n=0 @) (7/2),

(b.5)
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