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Abstract

Multicenter molecular integrals over Dirac wave functions can be derived by using the Gaussian-transform
for the Dirac wave function, which was derived by the author, for relativistic kinetic energy integrals; i.e.,
the integral for A- A, where 4 is the vector potential of the magnetic field due to the nuclear spin, that for
p-A+ AP, where §=—ihV is the momentum of the electron, and that for ié - (5 X 4 + A X B), where
d is the Pauli spin matrices. These integral formulas can be derived for the first time.

Keywords: Molecular integrals, Relativistic kinetic energy, Dirac wave function, NMR spectra.

1. Introduction

Recently, Sun et al. [1] derived the gauge invariant Dirac equation given by

( mec” £V cd-(+ j)> (s) = (s) o (L.1)
cG-(P+4A) —-myc?+Vv) W v

where m, is the electron rest mass, ¢ is the speed of light, V is the scalar potential, & is the Pauli spin

matrices, p = —ihV is the momentum of the electron, A is the vector potential of the magnetic field due to

the nuclear spin, WX is the large component spinor, ¥ is the small component spinor, and E, is the

energy. We use the atomic units throughout the present article (m, =1, e=1, A=1, 4mey =1, ¢ =

137.035999139). However, we describe m,, e, and h explicitly, for the readers convenience when one

converts the units to the natural units. The gauge invariant Dirac equation has no rigorous solution. We

subtract the rest-mass energy m,c? from E, to align the energy scale to that of the Schrodinger equation.

So, Eq. (1.1) can be modified to
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4 G- (F+A)\ iy L
<cc? CB+A) —2mc? + v) (w) B (ws) E (1.2)

Where E = E, — m,c?. To solve the Dirac equation, we may use a proper basis set, {)(ﬂ}. The large
component spinor can be expressed as a linear combination in terms of these basis functions as given by

W =3, Choxu (1.3)
However, the small component spinor is in the variational collapse until using the restricted magnetic
balance [RMB] [2] as given by

Wi =%,C56 B +Ax, . (1.4)

Recently, Yoshizawa [3] derived the matrix Dirac equation using the RMB as given by

(V ‘T:)F’F’_f 0 ‘F‘F(r‘@) w3
T W =Tw/\CS ¢§) \0 mmam)\c5 c5)\0 & |

—>

Where CL is the coefficient matrix of the large component spinor for the energy matrix €_, CL is that for

€y, €S and C$ are those for the small component spinor, 0 is the zero matrix,

Vo =< xulVIxy > (1.6)
T = 5o < 2l - B+ 4)3 - (5 + A) |1, > (L.7)
Wy = ez < Xl - (B + A)VG - (B + 4) |1, > (1.8)
and
Suv =< Xulxy > (1.9

Many researchers extend the matrix Dirac equation to the molecule [2-17]. Especially, many are for
relativistic calculations of NMR spectra [2,3,13-17]. It is natural to use the atomic Dirac wave function as
one of basis functions. However, it has been not used yet, because there are no molecular integral formulas.
In previous articles, the author derived the Gaussian-transform formulas for the Dirac wave function [18]
and for its derivative [19]. One can derive any integral formula over Dirac wave functions by the use of the
Gaussian-transform formulas.

In a previous article [18], using the Gaussian-transform, the author derived the integral formula over Dirac
wave functions for the physical quantity ig - (p X VA + A4 x Vp), where x denotes the vector product. In a
previous article [20], the author showed that the use of the Gaussian-type-orbital (GTO) is not suitable for
the calculation of that quantity, which is necessary in the relativistic calculation of the NMR spectra.  Also,
in a previous article [19], the author derived molecular integrals over Dirac wave functions for the
fundamental properties; i.e., the overlap integral, denoted by S,,, the kinetic energy one, denoted by <

2
Xv >, and the nuclear attraction ones, denoted by V,,,, for the point-like nucleus (V = —Z%)

1 5 S
Xu |2_mepp

and for the finite-sized nucleus with the Gauss-type charge density distribution (GCDD) model [21] (V =
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2Ze?

~
electron-repulsion integrals (which are the two-electron integrals of the potential one denoted as V,,) for

Fy), where FE,(x) —f dt t*™exp(—xt?) is the molecular incomplete gamma function, and the

e? 2e
V_E and for V_ﬁre

electron 7,. The author derived these integral formulas for the first time. In the present article, we derive

2
rrl—j) which is for the finite-sized electron with the classical radius of the

integrals over Dirac wave functions for the relativistic kinetic energy terms (T,),, = <)(#|a

(p+ A)G - (B + A)|x, > inthe next section.
2. Relativistic Kinetic Energy Integrals

The relativistic kinetic energy is given by Eqg. (1.7). Using the Dirac identity [22], equation (1.7) can be
rewritten as

1 - - - N -.
=s—<xul(F+A4)-(F+A)+ic-(F+A4)x (F+A4)x >
e

=<y |p P+ A+AP+A-A+ic- (BxA+AxP)|x, > (2.1)

2me
We know that the term, % < xulP - Blxy >, is the usual kinetic energy, which has been evaluated in a

previous article [19]. We evaluate terms other than it as follows:

2.1 The Term 4-4
We first evaluate the term 4 - A. For the point-like nucleus, we have

A=2ix? (2.1.1)

c2r3

-

where Ze is the nuclear charge, u
Thus, we have

is the nuclear magnetic moment and 7 is the coordinate of the electron.

rd rd Zz 2 - = - -
A A=C4f6 (L X 7)) (i x7). (2.1.2)

This term is singular at the nucleus (at origin), because of 1/7°. So, the integral of it is divergent. Some
experiment shows [21] that the real nucleus is not the point-like one but a finite-sized one. There are several
models for the finite-sized nucleus [21]. We use the Gauss-type charge density distribution (GCDD) model
here. Then, we have [21]

-

A=Z R QixT (21.3)
and
A A=2C2 ppixi) (ix7P) 2.1.4)

Tt g
where 1, Is the scale parameter of the GCDD model. The integral to be evaluated is, in the bra- and
ket-notation by Dirac [22], given by
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- - ZZ 2
< XuAlA ' AleB >= C_EZS Zr/ Upe ﬂMnIfn [E:n € (x: Y, Z)] (215)

where u,,, is the z component of nuclear magnetic moment of the M-th nucleus located at M= (0,0,0),
Xua s the Dirac wave function centered at A given by

Xua = TA_SAeXP(_iATA) (2.1.6)
in which —g, = /1 —(aZy)? -1, a =1/137.035999139 s the fine structure constant, Z, is nuclear
charge of the atom or cation centered at A, {, is the exponent, we may take {, = Z,, and

16 S e, -
Igy = n_ré-,f ar F1F1(5§n7”151 - fM’lM) Ty SArB Pexp(—{a1a — {p75) (2.1.7)

where we use the operator notation throughout the present article. Thus, we use [d7 as the integral
operator. The integrand follows it in its right-hand side as in Eq. (2.1.7). We evaluate I,, given by

16 S e, —
I, = n_rgf dr FyFy (rig — i) Ty SATB SBeXp(_(ATA — {p7B) (2.1.8)

First, we use the Gaussian-transform for the Dirac wave function derived in a previous article [18] given by

_ z1+$A _3/2
1, A exp(={ara) = mf ds, ;% exp(=$,13)

3G 1 (1-t1)%4 (1-t1)%4 {4
[ 1) e, O = fy at S exn (-3E5) (2.1.9)

where T'(x) is the gamma function [23]. Using the transform formula, we have

1+e4 ,1+€R

I — zA ZB
ZZ 7 4nT(1+€4)T(1+€p)

¢ (1-t,)%4 (1-t4)% &
[2:1f dty Tl‘EA f dty TlsA] exp (_ _Az)
1

Jy dSy J; dS; (5152)73/

45, t2
35 (1-t5)°B (1-tp)® Y
[ 17 ar S 1 ey S exp (- )1 (2.1.10)
where
16 -
L = e f dF BiFy(nfy = 7 exp(=Si7i = So7) (2.1.12)

We use the Gaussian product rule given by

exp(=S;12 — S,rE) = exp( 1522 AB? — Slzrﬁ) (2.1.12)

where S, =S5, + S, and P= :—1/T+S—Z§.

12 S12
Next, we use the Sack’s formula [24] given by
exp(—S;,18) = 4m exp[—Sy,1i; — S1,MP?]
S1=0 it (2512MP13g) Tiey V" (MP)" Y™ (721) (2.1.13)
where i;(x) is the modified spherical Bessel function of the first kind [23] and Y/™(#) is the spherical
harmonics [25]. We use the Gaussian product rule again as given by

exp (— %ﬁz) exp(—S;,MP?) = exp(—S;MA? — S,MB?) (2.1.14)
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We know that rg — z5 = grﬁ, — ESZO(W), where S,,(7,) is the solid harmonics [25]. Using the above

relations, we can evaluate I; as given by
11 = 4‘1T exp(—Slmz - Szmz)(lla + Ilb) (2115)
where

32 —
La = ;rgf dryrizFiFy exp(—Sio7i7)
Yi=oiy (281,MPry) Yo Y™ (MP) Y™ (77)

sf dry rMFlFlexp( SerM) Y=ol (2512MP7”M)

37rr
[ A3 Tt Y™ (MP)" Y™ (1) (2.1.16)
and
32 —
Lip = _ﬁf dryF, Fy eXp(_SerI\Z/I)

21=0 il (2512WTM) anz—l Ylm(m)* Y™ (7)) 520@)

= f dry rMFlFleXp( 5127”1\/1) Y=ol (2512MP7'M)

3nr
[ g i Y (MP) Y[ (757) S20(Tat) (2.117)
We know the angular part can be evaluated as in a previous article [26] as given by
J % B Y (MP) Y™ (73) = 8108mo (2.1.18)
and
— )\ ¥ — — S W
[ dFg T Y (MP) Y™ (532 Sao () = 1810 22 (2.1.19)
Then, we have
Lia = po— f dry 7 F1 F1exp(—S1275)io (251 MP1y) (2.1.20)
and
32 S,0(MP) oo . N
Ilb = —% 2%2 )fO dTM TﬁFlFleXp(_Slera)lz(2512MPrM) (2121)

In order to evaluate these integrals, we separate inner and outer part of the finite nucleus, because r, is not
the radius of the nucleus. As describing it in a previous article [18], we use R, = br, with b =7 for the
critical radius. For the outer part, we calculate F,, (m < 2) by its asymptotic value as given by
2 2m+1
i\ _ T(m+1/2) (19
E, (rg) = s (rM) (ry = Ry) (2.1.22)
For the inner part we do it by the power series as given by

(m+1/2)k_(-Ti
L= 0 ki(m+3/2)k ( 2 )

k

2 2

79 2m+1 7o ) 2m+1

(ry < Ry) (2.1.23)
where ;F;(ay; cq;x) is the confluent hypergeometric function [23] and
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()j =a(a+1)-(a+j—1) isthe Pochhammer symbol. Then, we have

I, = II% + 194t (2.1.24)
where

i 32 (R . —
I{Z = ﬁfo 0 dTM TI@FlFleXp(—SlzTﬁ)lO(2512MPTM) (2125)
and
Io%t = o f dry i F Frexp(—S1273)io (251, MP1y) (2.1.26)

We evaluate I/%. We use Eq. (2.1.23) and the power series of the modified spherical Bessel function as
given by [23]

L(x) =

Then, we have

s +) 2.1.27)

(21+1)" j!(l+§),-

(-1/m) "2 3/2)1, G/ 20k, (s2,77P2)

Jin= .
I1a= 27m62k1 0 k=0 G DR G/Dn - 2= i, 2 (2.1.28)
where

— _J‘Ro dx x}+k1+k2+3/2exp( —S1,X) = YU+ki12+5/2; S12RE) (2.1.29)

2(51 )]+k12+5/2
in which ki, = ky + k, and y(a; x) is the incomplete gamma function of the first kind [23]. It is easy to
derive the following relation:

F(a)
I'(a+1)

Using Eq. (2.1.30) for (2.1.29), we have

v(a; x) = x¢ 1Fi(a;a+1; —x) (2.1.30)

_ 1 52j42kq5+5 T(j+ki2+5/2) :
I RO 12 m 1F1 (_] + klz ,_] + klz SlZRO) (2.1.31)

Substituting Eq. (2.1.31) into Eq. (2.1.28), we have

16b°
IlTl — _ _
la 277TT'0 Zkl—O Zkz—o

(-b2)*12(3/2)1, (3/2)i,
K2 1k2(5/2)e, (5/2),

— j ,
(57,MP?R§)’ T(j+k12+5/2)
ji(3/2)j  T(j+k12+7/2)

Yj=0 1Fy (j +kip + ] + kiz +=; —S12Rp ) (2.1.32)

Because S;,RZ is very small value [S; and S, are not large, because of the factor of exp(—S;MA? —
S,MB?) in Eq. (2.1.15)], we can use

(S5 MP?R§)! T(j + kip +5/2)

Z, o J'(B/2); T(+kix+7/2)

— F(k12+5/2) z 2 myp2 _ 2 F(k12+7/2) 4
= Tkapt7/2) T (3 S12MP 512) RS T, 7072y T 0 (Ro) (2.1.33)

5 7 ;
+_,] + k12 +E, —SlzRo)

1F1 (j + k12 >

The error term is in the order of R} = 0.53179747(—15) for hydrogen atom, which is very small. Then,
we have
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PR S SN il o T
1@ ™ 27mry “F1=0 &k2 =0k k) 1(5/2)k, (5/2)k,
I'(k12+5/2) 3c¢2 P2 _ 2 P(k12+7/2) 4
{ I'(k12+7/2) + (2 Si2MP 512) Rg [(k12+9/2) +0(Ro) } (2.1.34)
In a previous article [20], the author derived these summations as given by
_ (-b2)"2(3/2)1, (3/2)k, T(krz+5/2) W2rm
Sumy = Xijey=0 Ziey=0 kilko!(5/2)ky (5/2)k, Tlkiz+7/2) 8b6 et 8b5 (2.1.35)
and
B (—132)"12(3/2)k1(3/2)k2 T(k12+7/2) _ 9 63V2m
Sum; = Xiey=0 Ziey=0 kilk!(5/2)k,(5/2)k, T(ki2+9/2)  8b6  22b7 (2.1.36)
Substituting Eq. (2.1.35) and (2.1.36) into Eq. (2.1.34), we have
in _ _ 2, 2V2 3¢2 yp2 _ 2 72
1= =t et (52,MP? - 51,) (3R, - \/_ro) + 0(R3) (2.1.37)

3
VT

Next, we evaluate I?¥*. We use the asymptotic value of F; = el Eq. (2.1.22), and Eq. (2.1.27) for Eq.
M

(2.1.26) and have
(s3,727)’
J'(3/2);

t _2 o 2j-2 2
I7e" = 52]:0 fRO dry Ty~ exp(—Siaty)
(s3,mP?)’ 2j-2

_ 2 (o 1 o\, 2 5
= EIRO dT‘M %exp(_sler) + EZJ:lm fRo d T‘M T'M exp(_Sler)

(sf,MP? )

_1» -3/2 _ Yc2 p2y .
= 3ng dx x exp(—S,x) + 9.‘512MP Xj'=0 DuGI2n

f dry 1’ " exp(—S;,72) (2.1.38)

where j' = j — 1. Then, we have

(s2,7P2)"" 1" +1/2; ~512RE)
0@/ ($12)"+1/2
where T'(a,x) is the incomplete gamma function of the second kind [23]. It is easy to derive the relation
given by

(2.1.39)

S 1 2 —
gt =er (-1, g R2) +2SLMP2Y

I'(a,x) =T(a) —— + e + e (r K1) (2.1.40)
Using Eq. (2.1.40), we have

Io%t = 1/ S, + = 512 + 0(R})

+§SEZ/ZW2\/E 2Fy (5,15 2,25 $1,MP?) — 2S5 MP?R, + O(R3) (2.1.41)

Substituting Eq. (2.1.37) and (2.1.41) into (2.1.24), we have

_ 3/2 I —
I, = 3ﬂ0 2 JmS1; + 2VmS}y MP? 2FZ( 15,2 SlZMPZ)

7\/— 72

6\/—512 0~ \/—512MP27"0 + O(R3) (2.1.42)
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where ,F,(a;,a,; c1,¢y;x) is one of the generalized hypergeometric functions [25]. The error term is in
the order of R3 = 0.3501948(—11), which is very small.
With a similar derivation to the above, we have

VT —= 1 5
Ly = —2ES25,0(MP) 1F, (55 35 S, MP?)
14\/_
+ r512520(1\41D)r0 + 0(RY) (2.1.43)

Substituting Eq. (2.1.42) and (2.1.43) into Eq. (2.1.15), and doing the resulting equation into Eq. (2.1.10),
we have

1+g4 ,1+€R

I — ZA (B
ZZ 7 P(1+g4)T(1+ep) Y0

$a 1 (1-t)®4 (1 (1-t)%A (_ (i)
[251 f() dtl t‘11-+EA fo dtl ti+8A exp 4511.%

¢ (1-t;)®B 1 (1-ty)°B
4 0 S s S

2

f as, f das, (5,5,)3/?exp[—S;MA? — S,MB?]

(2
Sft%) (la + Iip) (2.1.44)

Next, we change integral variables as follows: S;, =z and w =5§,/S;,. The Jacobian is given by

a(z,w)
9(51,52)

= z. Then, we have

1+eg 1+e
{y Ay B

f dw [w(1l —w)]~3/2

IZZ - [(1+e4)T(1+ep) 70

fooo dz z %exp[-wzMA? — (1 — w)zMB?]

¢ (1-t;)%A (1-t,)* ¥
[zvjzf dtl 4+1£A f dtl 2+15A ] exp (_ - z)
1

4wzts
(1-t,)B (1-t) S
[2(1 W)Zf dt, TZSB f dt, TZSB:I exp( W) ( 1a T Ilb) (2145)
where
22 1 5
Ila+11b ﬁ——\/_-i‘ \/_23/2x0 2F2 (5,1; 5,2; Z.X'O)
_4T 3/ 1.7, w2 _TVZ o
2 2 Yo 1F (2, 3 Z )+6\/5er svzZ XoTo
142
+ 45\/_223/07"0 + O0(R3) (2.1.46)
in which
xo = W2MA? + (1 — w)?MB? + 2w(1 — w)MA - MB (2.1.47)
and
Yo = W2S,0(MA) + (1 — w)?S,0(MB) + w(1 — w)S,o(MA, MB; 1). (2.1.48)
In a previous article [27], the author defined the mixed solid harmonics given by
S,0(MA, MB; 1) = 2MA,MB, — (MA,MB, + MA,MB,). (2.1.49)
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co 2 (o]
Next, we separate the integral over z as follows: [~ dz = foa dz+ [ ,dz=a’ f01 du + a® fol du% :

where a? can be chosen arbitrary. We choose a? = 4 here. At the first term, we change integral variable
from zto u = z/a?. At the second term, we do z to u = a?/z. Then, we have the final formula given by

51+8A51+£B y

‘a4 B _ -3/2

[z = F(1+8A)F(1+53)f dw [w( = w)]”

{ [-wua’MA? — (1 — w)ua®?MB?]
(1-t;)A (1-t;)%A 34

[Zwua2 f dty 4+1‘9A f dty f+1£14 exp (_ 4wu22t2)

Jd (1—t,)e8 jd (1—t,)%® {5
2(1— W)ua2 z ;”8 z 2+£ exp 4(1 — w)ua?t?

[ 3\/_1"0 \/_"'_\/_ug/ Xo 2F2( 1 ;,2; uazxo)

4-\/50.3 3/2 (1 7 2 ) 7\/5 2 7\/5 4 \/_ ]
s WY 1F; S5 55 watxo +6\/Euar0 9ﬁau 00+45\/_auy0r0

+, du—exp[——azMA2 - 2MBZ]

[ 2
u(Af (14?5),1A f dt, —(12?5),1 exp (— Ui )

| 2wa? 70 t) 4wa?t?

[ (1-t,)%B (1-t,)¢ ul?
[ 2(1- W)a2f dtz Tsz f dtz TZSB] exp (_m)

V2 2Jyma | 2a® _3/2 1 5 a?
- +T\/Eu 2xy oF (5,1; 52 jxo)

3vmry 3vu
4ma3 1.7, 9 7\/_a _ W2a* 14v2 a*
— 4-5u3/2 }’0 1F1 (_l u xO) 6\/_ u 9\/%112 xoro + _45\/Eu2 yoro ] } (2150)

The integral I,, can be given by replacing y, by _71(3/0 ++/3y,) in Eq. (2.1.50), where y, =
w2S,,(MA) + (1 — w)2S,,(MB) + w(1 — w)S,,(MA, MB; 1). (2.1.51)

The I, can be given by doing y, by _71(310 —+/3y,) inEq. (2.1.50).

With a similar derivation to the above, we have the final formula of I, as given by

1+e4 ,1+€R

__%a "%
XY T T(1+e4)T(1+€p) 70

[WMA, + (1 —w)MB,][wMA, + (1 —w)MB,)|

{0

(1-t)*A 1 (1-t1)A $G
[zwuazf dtlt;T—fo dt tzT]exP(——)

4wua?t?

f dw [w(1l —w)]~3/2

[-wua’MA? — (1 — w)ua®?MB?]
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(1—tp)°® (1-ty)°® &
[2(1 — w)ua? J dt tites J dt, 2+‘9 l exp <_ 4(1 — w)ua2t22>

2

2Jna® 3/ (1 7 P ) 7V2a*
— u F, |=; -;ua“x —T
[ 15 1712 2’ o) * 15ym 0

+, du—exp[——azMA2 - 2MBZ]

[ ug? (1 t1)A (1—t1)%A ulj
2W22 f 4+1£A f dtl TISA exp (_ 4wa§t%)
| ty
(1-t,)B (1-t5)°B ulh
2(1 w)a2 f dt2 ;HZSB f dtz 2+2£B exp (_ 4-(1—w;3a2t§)
2Vmad 7 7V2a*
— 1F ( sua xo) + N ro] } (2.1.52)

The I,,, can be obtained by replacing (x,y) by (y,z) in Eq. (2.1.52). The I,, can be done by doing (x, y)
by (z,x). Of course, I; = Iz, [§,n € (x,y,2)].
The integrals for [0, 1] can be evaluated numerically by using the Gauss-Legendre quadrature. We use the

e2

= 0.50938637(-5) , C—41xx =

62
Ay

¢, = 0.50938677(=5) ,

c4

64-point quadrature and obtain

0.50938567(=5), - I, =0, and i—ilzx = 0.15545769(—10) for the case of three hydrogen

atoms located at M = (0,0,0), A = (—v8/3,—/8/3,2/3), and B = (—+/8/3,/8/3,2/3). Thus, we
have 8 significant figure precision.

22 Theterm p-A+A4-p

Next, we evaluate the term 7 - 4 + A - §. We have

T ihZe 8 z
p-A+A-p="3 eﬂg : (rg)zfﬂm FxV); [£ € (x,y,2)] (2.2.1)
and

= rd rd - - hZ
< XuAlp "A+A- PleB >== 625 Ume g (2.2.2)
where

8 -
I = T < XualFa (P X V)elxyp > (2.2.3)
We evaluate I, given by

8 - d . —
I, = \/—n_rgf dry 1, “Aexp(—=Jara)F1 (xy 2y Ym 5)7”3 “Fexp(—{z7s) (2.2.4)

We use the Gaussian-transform for the derivative of the Dirac wave function derived in a previous article
[19] as given by

3+€ep
VB " exp(—{p1p) = mf ds; S, ;2 exp(—S,7%)
(1-t,)B (1-t,)*B 5
ng dt; 4+sz +f dt; t3+sz ]exp(—@) (2.2.5)
2
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Using Eq. (2.1.9) and (2.2.5) for Eq. (2.2.4), we have

1+&4 ,3+ep
$a B

I, =- f dSlf dS,(85152)” 3/2

4nT'(1+e4)l(2+¢€B)

3G 1 (1-t;)%A (1-t;)%A &G
[Efo dt, (A fdtl 7 exp(_%.lt%)

(1- fz) B (1-t,)°B

2
[ng dtz 4+sB + f dtz 3+£B ]exp (_ %ft%) 11(2) (2.2.6)
2

where

1@ =

Jarg 3fdrM Fy(xymyp — yuXp)exp(=S17i — Sp15) (2.2.7)

We use the Gaussian product rule, Eq. (2.1.12), Sack’s formula, Eq. (2.1.13), and Eq. (2.1.14). Then, we
have

1 = 47 exp(—S,MA? — S,MB?)I, (2.2.8)
where

8 0 i N
I, = Vi fo dry Ty F1exp(=Si27i7) Y=o 11 (2512 MP1y)

J A7 (XmYs = YuXp) Tin=—i Ylm(m) Y™ () (2.2.9)
We know yg =yy + BM, and xyyg —ymxg = xyBM, —yyBM, . Then the angular part can be

evaluated as in a previous article [26] as given by

fdfz\; (*MYB — YuXp) Z£n=—1 Ylm(m) Y™ ()

MPyBMy—MPyBM; S MAyMBx MAxMBy,

= 10 — M511 — (2.2.10)
Substituting Eq. (2.2.10) into Eq. (2.2.9), we have
I, = :112 MAYMB’L_PMA"MBY 8 f dry, T3 F exp(—S1,78)i1 (251, MPry) (2.2.11)
Using Eq. (2.1.27) for (2.2.11), we have
L = 2°5,(MA,MB, ~ MAMB,) %, (szg’; : i (2.2.12)
where
Iy = ﬁg Sy dry 1 TAFy exp(=Sy,E) = It + 19 (2.2.13)
in which
I = e 3f Y E, exp(=S;,12) (2.2.14)
and
19¥ = o 3f dry 1V Fy exp(=S1,12) (2.2.15)

We evaluate 5. We use Eq. (2.1.23) for (2.2.14) and have

in _ (- 1/To) (3/2)k (Ro 21+2k+4
5 _3\/_7‘ 5 =0 K!(5/2)k Jy" dru
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(/) G/ (RS jak3)a
= 6\/51'03 Zk=0wfo dx x exp(—Slzx) (2216)
Similarly to as in Eq. (2.1.29), we have
fin = Ly () G/2k prkss/2 TUHS/2)
3.7 evmrd “k=0 ki(s/2)k 0 T(j+k+7/2)
F(j+k+3)+k+2; —5,,RE) (2.2.17)

Using the power series of the function ;F;, Eq. (2.1.23), we have

3 2]+2

k
n _ b°R (=b?)"(3/2)k T(j+k+5/2) 2j+4
I3 = 6\/— —ovr Zk=0 k!(5/2) T(j+k+7/2) +O(Ry" )

2k
b3 RO Zk 0( b2)"(3/2)k T'(k+5/2) +0(R§)

Sjo 6V ki(5/2)k T(k+7/2)
b3R3T(5/2) 3.7, 2
o tors 1 (2 b?) +0(RY) (2.2.18)

Using the asymptotic expansion of the function F; [23], we have

in _ b3R3T(5/2)T(7/2) 3 . R§ 31§ 4
1 = 8o T LI (1-235) +0RY = 5o (X 16) +0(RY) (2.2.19)
Thus, we have
(P2 i _ (RE_ 318 4
Lm0 ntern 5= (2-22) +ord) (2.2.20)
Next, we evaluate I9%¢. Using Eq. (2.1.22) with m=1 for (2.2.15), we have
(%) : i 2
84 = 3 [ dry g T exp(=S1omi) = 3 [ dx X exp(=S;,%) = S (22.21)
12

Using the formula number 8.352.2 of the mathematical formula book [28], we have

(G +1,512R8) = TG + Dexp(=51,R) o S50 = 1 4+ D)[1 - 50,3 + 0RD]  (22.22)

Substituting Eq. (2.2.22) into Eq. (2.2.21), we have

Iout

TG+ D[1 — 6;0512R5 + 0(Rg)] (2.2.23)

S}+1
Thus, we have

(s2,3P2)’ out _ _1 .5. ¢ wp2) R 4
it B =g 1Fs (135 5.,MP?) =22+ O(RY)  (2.2.24)
Substituting Eq. (2.2.20) and (2.2.24) into Eq. (2.2.13) and doing the resulting equation into Eq. (2.2.12), we

have

2 1
I, =35 (MA,MB, — MA,MB,) [ 5 1Fy ( 512MP2) - ‘ro + 0(Rg) ] (2.2.25)
Substituting Eq. (2.2.25) into Eq. (2.2.8) and the resulting equation into Eq. (2.2.6), we have
<;+SA<3+£B 3/2 — —
IZ = —mf dSlf dSZ(SlSZ) EXp( S MA SZMB )
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G 1, (-t (1-t1)*A Ta
[ﬁfo dtl t‘1}+£‘4 f dt1 W exp (— AZ)

482
(1-t,)°B (1-t,)°B RS
[EB f dtz ;l+£B + f dtz 3+sB exp ( 452t%)
2 1 5 — 3
25,(MA,MB, — MAMB,) | B (135 5,MP?) =202 |+ 0RY) (2.2.26)

9(zw)

. . S1
We change integral variables as follows: S;, = z, — = w, and Jacobian is ———=
S12 9(51,52)

= z. We further separate

00} 2 ©o - - -
the integral over z as follows: [ dz = [* dz + [, dz = a? fol du + a* fol duu—12 with a similar manner as

in the previous section. Then, we have the final formula as given by

1+ey ,34€
i 4y B

I, = (MA,MB, — MA,MB,) f dww~12(1 — w)™3/2

I'(1+e4)T(2+€p) Y0

{ f du exp[ wua’MA? — (1 — w)ua®?MB?]

€A 2
[ty —“4?2;* Jo dey S5 exp (- )
1

2wua2 awua?ts
(1-t,)°B (1-t2)°B B
SBf dt, 4+sz +f dt, 3+2£B ]exP (_ 4(1—w§ua2t§)
2

% F (1 jua xo) — uazroz]

+f01du3—2(al) exp [——azMA2 uw 2MBZ]

2

[ 2
uzA f (1 4-i1£)AA f dtl (1 25—18)14 exp (_ ucA 2)
1

2waz Jo awa?tf
(1-t,)%B (1-t,)°B udh
EB f dtz 4+283 + f dtZ 3+ZEB ] exp (_ 4-(1T;3azt%)
t,

[2 5 q?

2 R (6 55 - %rg] }+o®Y (2.2 27)

where x, is given by Eq. (2.1.47). The I, can be given with replacing MA,MB, — MA,MB, by
MA,MB, — MA,MB, in Eq. (2.2.27). The I, can be given by doing that by MA,MB, — MA,MB, in Eq.
(2.2.27). The integral for [0, 1] can be evaluated numerically with using the Gauss-Legendre quadrature. We

use 64-point quadrature and obtain eight significant-figure precision as follows: —m—el =

0.87572795(~5)i, — =31, = 0.0i, and —=7I, = 0.61923317(~5)i for the case of three hydrogen

atoms located at M—(0,0,0), A=(- \/_/3,—w/8/ 3,2/3),and B = (—/8/3,/8/3,2/3).

2.3 The term ic - (ﬁxﬁ+ﬁxﬁ)
We have

. > - rd rd - Zeh
< xuali - (Bx A+ AXB)|xyp >= 25 T T 05 g 1) [6,1 € (x,7,2)] (2.3.1)
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where

Iéi;) \/_ 5 f dTM [an (TMFZ + T‘02F1) fT]FZ]T'A_SAT‘B_gBeXp(—{ATA - {BTB) (232)
We evaluate I glven by

12 =1 4 12(3) (2.3.3)
where

1(3) \/— = [ dry[(ri — zi) Falry 41y “Pexp(—ara — {p75) (2.3.4)
and

1(3) v P11y ATB_gBeXp(_iATA — {pB) (2.3.9)

The I( |s very similar to Eq. (2.1.8). So, with a similar derivation to that from Eq. (2.1.8) to (2.1.45), we
have

1+e4 ,1+€R

1(3) Z (B
I'(1+e4)T(1+ep) Y0

f dw [w(1l —w)]~3/2

fooo dz z72exp[-wzMA? — (1 — w)zMB?]

Z o (1-t1)%A (1-t,)%A e
I:ﬁ fo dtl t‘11'+1£A _f dtl 2+15A ]exp (— —Az)

4wzty

3B 1 (1-t2)*B (1-t2)°® _ ¢
[Z(I—W)Z J.0 dtz t;H'SB f dt2 §+83 ] exp( 4(1—w)zt§)
2 5
{ — [y + In(zR§)] + 3Z%o 2F (1, 1; 2'5; Zxo)
f duf dv (uv)3/? exp(—b?uv) — [iz Xg — z]

4 7
—22y0 1F (L35 zx0) |+ O(RY) (2.3.6)

where y = 0.577215664901532860606512 is the Euler constant, x, is given by Eq. (2.1.47) and y, is

given by Eq. (2.1.48). The derivation for 12(3) is also similar to the above. Thus, we use the
Gaussian-transform, Eq. (2.1.9), and have

19 = S s, [ as, (5,5,
4T (1+e4)T(1+ep)
[z“ f dt, a 4?5)‘414 — fol dt, (E?S):A] exp (— %)
[53 [lde, & ;?;B — [t (E?sf’*] exp (- %Bt%) 1® (2.3.7)
where
1(3) T 2 [ dry; Fyexp(—S;12 — S,72) (2.3.8)

We use the Gaussian product rule, Eq. (2.1.12), the Sack’s formula, Eq. (2.1.13), and the Gaussian product
rule again, Eq. (2.1.14). Then, we have
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I = 4mexp(—S,MA? — S,MB?)I (2.3.9)
where

) = Jors | AT Fy exp(=Sia1) Tuco iy (2512MPry) Sipey Y/ (MP) V" (751)

8 0 ) .
= Vmrd fo dry 1igF1exp(=Sia1ip) Y=o iy (2512 MP1y)

[ A3 Tt Y™ (MP)" Y™ (1) (2.310)
The angular part can be evaluated by using Eg. (2.1.18), thus, we have

1Y = f 2 [ dry i Fyexp(—S151%)io(251,MPry) (2.3.11)

We separate inner and outer part as described as following to Eg. (2.1.21) and have

1) = [ 4 [Hout (2.3.12)
where
[ = 2[R0 g 12 F exp(—=S1,12)io (251, MP1y) (2.3.13)
2b = Jmr3 do M TMP1€XP(—9127)lo 4912 M 9.
and
10 = dry T2F exp(=S 25,,MP 2.3.14

Vg 3f T TiF1exp(=Si27i7)io(2S12MP1y) (2.3.14)
We evaluate 15™. Using Eq. (2.1.23) and (2.1.27) for (2.3.13), we have
@in _ v (/B CIny (LY ()i
by = k=02, 2970 Gz, (2.3.15)
where
(3in _ R 2k+2j+2 4 (R} ;
[@in 3\/_r3f O dry 1 exp(=S;,12) = T S0 dx kI 2exp(~Sy,x)
4 y(k+j+3/2)
= s (2.3.16)
Using Eq. (2.1.30) for (2.3.16), we have
(in _ 4 2k+2j+3 T(k+j+3/2) . 3. 5. 2
" = e R e Ry (j+k+35)+k+3; =S1,R3) (2.3.17)
Substituting Eq. (2.3.17) into (2.3.15), we have
@)in _ (-b2) G/2)k (s2,MP?RZ)’ M+j+3/2) P2 Uetiva/2)
Ly ™ = 3\/‘2 =0 kis/2)k 2j=0 ji(3/2); { T(k+j+5/2) [ SlZM T(k+j+5/2)

F(k+j+5/2)] 1o . _ ap? (=) G/ [ T&+3/2) | [2 c2 7752 _ 5 T(k+5/2)
6j0S12 l"(k+j+7/2)] R + 0(Ro) } o 3ﬁ2k=0 K!(5/2)k { T(k+5/2) t [3 Si2MP 512] Rq T(k+7/2) t
4 _ai( TG/2) 33.55, 42
O(Ro) }_3\/5{ r'(5/2) 2F2 (2’2’ 2’2’ b )
r@/2) 3.7 22 52 2 4

tram b (32 -p?) |2s2,MP? - 51| RE + O(RY)  } (2.3.18)

It is easy to derive the integral representation of the function, ,F, as given by
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LG/2) 33,55 2) _ TG/ s ,
r(5/2) 2F2 (2 2’ 272’ b) p(3/2)f du fdv(uv) exp(—b“uv)

Using the asymptotic expansion of the function F; [23], we have

I'(3/2) 3 2\ _ T@3/2) _ 3
I(7/2) 1F (2 —b ) e (1 2b2)
Substituting Eq. (2.3.19) and (2.3.20) into (2.3.18), we have

; 2
2m = %fol du fol dv (uv)'/2exp(—b?uv)

252,MP? — 5., | RZ (1 - ) + O(R)

Next, we evaluate 12(,3))"”. Using Eq. (2.1.22) with m=1 and (2.1.27) for (2.3.14), we have

12(13))out = Zf dTM exp( Sler)lo(anMPTM)

2 752Y oo
_ 22j= (s2,MP?)

fRo drM’”]\?zJ_l exp(—Si27i7)

0 ji3/2);
$2,MP2) .o i

B ,  (sMPY) 1(js15RD)
=T(0,512Rp) + Xj=1 '3/ s,

2 S12MP
= T'(0, SlzRg) + 5512MP Z] _Oﬁl“(] +1, SlZR(Z))

Using the formula number 8.352.5 of the mathematical formula book [28], we have
r(o, 512Rg) = _Ei(_SlzRS)’
where E;(—x) is the exponential integral, which can be written as [23]

E(—x) = 7 + In(x) + Sy &2

nn!

Then, we have

I'(0,51,R5) = —E;(=S12R5) = —[y + In(S;,R5)] — S12RG + O(Rg)
Using Eq. (2.1.40) for the second term of Eq. (2.3.22), we have

]+1

(' +1,5,,R2) = [(j' + 1) — (SZJL +O(RY

Substituting Eq. (2.3.25) and (2.3.26) into (2.3.22), we have
1(3)Out —ly+ ln(512R0)] 512R§

+25,MP? ,F,(1,1;2,5; 51,RE) — 2 S, MP?RE + O(RY)

Substituting Eq. (2.3.21) and (2.3.27) into (2.3.12), we have

(2.3.19)

(2.3.20)

(2.3.21)

(2.3.22)

(2.3.23)

(2.3.24)

(2.3.25)

(2.3.26)

(2.3.27)

R 2
I = —[y + In(S;,RD] + gSleP2 . F, (1, 1; 2,;; SlzR(z)) + %fol du fol dv (uv)/? exp(—b*uv) —

3 |2 v
> BSBMP? — S| + 0(RY)

(2.3.28)
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Substituting Eq. (2.3.28) into (2.3.9), and doing the resulting equation into (2.3.7), we have

1 = Mf ds, [ dS, (5,5,)73/? exp(—S, MA? — S,MB?)
T(1+e4)C(1+¢5) 1 21z PL™o1 2

3G (1 (1-t)%4 (1-t)%A 1

[E fO dty —tiHEA f dt, 7 exp (_ 451t%)

4 (1-tp)°B (1-tp)°B %k
[25{32’{ dtz W f dtz TSB exp (— @)

R — 5
{ — [y + ln(512R(2))] + ESlePZ 2 F; (1; 1; 2,5; 512R§)

2b?% 1 1 3 [2 —
+ﬁf0 du [, dv (uv)/2 exp(—b?uv) — B [ESfZMPZ — 512] 8 } (2.3.29)
We change integral variables as follows: S,, = z and Ss = w, and Jacobian is a((s V;)) z. Then, we have
12 1,02

a similar equation to Eq. (2.3.6). Substituting the resulting equation and (2.3.6) into (2.3.3), we have

14y 1+e
{y g B

1@

2z I'(1+£4)T(1+eg) 0

f dw [w(1l —w)]~3/2
fooo dz z %exp[-wzMA? — (1 — w)zMB?]

2
K f de, Lot ilg)AA f de, G52 zit)A exp (— 4 2)
1 1

| 2wz 4wzts

B 1 (1-t,)B (1-tp)" 3B
_2(1—W)Zf0 dtz t;HSB fdtz 2+£B ]exp( 4-(1—W)zt§)

4 5 4 7
- 2)/ - Zln(ZRg) + EZXO ZFZ (1, 1; 2,5; Zxo) - 1_5Zy0 1F1 (1; E; Z.xO)
b3 b°
+ %fol du f01 dv (uv)'/? exp(—=b?uv) + ;ﬁfol du f01 dv (uv)3/? exp(=b?uv)
2 4
—4rg 222, — 2| |+ 0RY (2.3.30)

The value of the mtegral f du f dv (uv)'/? exp(—b?uv) is a constant, which can be evaluated
512-point Gauss-Legendre quadrature and we obtained previously [20] as

b3
% J, du [} dv (uv)"/? exp(~b?uv) = 3.855330324 (2.3.31)
Also, we did that [20]

5

%fol du fol dv (uv)3/? exp(—b?uv) = 3.188663658 (2.3.32)
So, we set C, = 3.855330720 + 3.188663658 — 2y = 5.889562652. We separate the integral over z as

follows [,"dz = foaz dz+ [,dz=a? [ du+a® [ aluu—l2 as doing at Eq. (2.1.50) and have the final
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formula as given by

1+ey4 ,1+€R
1(3) ‘a_%s f dw [w(1l —w)]~3/2

I'(1+e4)T(1+ep) Y0

{ f du —— a2)2 ——exp[-wua’MA? — (1 — w)ua?MB?]

€A 2
0y ey Ot = [ e S e (- )
1

2wua2 awua?ts
Ry 1 (1-t5)%B (1-t5)®B (_ 4 )
| 2(1-w)ua? fO dt, t;HsB f dt, 2+83 exp 4(1-w)ua?t?

— 2In(ua?R?) + %uazxo ,F, (1, 1; 2,%; uazxo)
—2ua?y, F, (1; %; uazxo) + Co — 41¢ Euza“xo — uaz] ]

15

2

1 2
+ [, du %(al) exp[——azMA2 uw a’MB?]

[ 2
ooy dty O = [ty et exp (1)
1

| 2wa? 70 awa?t?

(1-t,)B (1-t5)*B ulh
[2(1- w)a2f dt2 ;HZSB f dtz 2+2£B exp (_ 4-(1—w;3a2t§)

—2m (LR +1%x LR (L1235 S x)

2 2 a* a

—1_5%3’0 1F1 (1; %: %xo) + Co — 415 [gu_zxo __2] ] } (2.3.33)

u
where x, isgiven by Eq. (2.1.47) and y, is given by Eq. (2.1.48).

The IS,) can be given by replacing y, by _71(310 ++/3y,) in Eq. (2.3.33), where y, is given by Eq.
(2.1.51). The ISC) can be given by doing y, by _71(310 —+/3y,) in Eq. (2.3.33). With a similar derivation
to the above, we have the final formula of Ig,) as given by

1+e4 ,1+€R

1(3) zA ZB
I'(1+e4)T(1+ep) Y0

[WMA, + (1 —w)MB,][wMA,, + (1 — w)MB,]

f dw [w(1l —w)]~3/2

{ f du a2)2 exp[—wuazm2 — (1 = w)ua*MB?)

(1-t;)A (1-t;)%A 34
[2wua2f dty 4+1£A f dty 2+1£A exp (_ 4wu22t2)
1
fd (1-ty)°® fd A-t)%) [ 35
2(1— W)ua2 2 ;”‘9 z 2+gB P 4(1 — w)ua?ts
[ —%uaz F (1 ;ua xo)—u2a4r()2 ]
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1 2
+ [, du %(%) exp[——azMA2 uw a’MB?]

A fy e S =y dty O exp (- )
1

| 2wa? 70 awa?t3

(1-t,)B (1-t3)°B ulh
[2(1- w)a2f dt2 ;HZSB f dtz 2+2£B exp (_ 4-(1—w;3a2t§)

2

~28 R (6 Luetn) -5 ] ) (2:3.34)

The IJ(,‘? can be given with replacing [wMA, + (1 — w)MB,][wMA, + (1 —w)MB,| by [wMA, +
(1- w)MBy][wMAZ + (1 —w)MB,] in Eq. (2.3.34). The Iz(i) can be given with doing that by [wMA, +

(1 — w)MB,][WwMA, + (1 — w)MB,]. Of course, 175‘:;) IS;) The integral for [0, 1] can be evaluated

numerically with using the Gauss-Legendre quadrature. We use 64-point quadrature and obtain —1(3)

0.18611832(~3), =15y = 0.18588045(-3), 15 = 0.18556659(-3), 15 =221 =00, and

he 1 = 0.78026306(—6) for the case of three hydrogen atoms located at M = (0,0,0), A =

2 zX
(—8/3,-/8/3,2/3),and B = (—+8/3,/8/3,2/3). Thus, we have eight significant-figure precision.
3. Conclusion

The author derived the Gaussian-transform for the Dirac wave function in a previous article [18] and for the
derivative of the Dirac wave function in a previous article [19]. Using these transform formulas, multicenter
molecular integrals over Dirac wave functions can be derived for the relativistic kinetic energy terms. These
integral formulas can be derived for the first time.

In order to solve the molecular matrix Dirac equation necessary integral formulas to be derived are
remaining, which are written as (W), = —5 < x,|6 - (B + A)Vé - (§ + 4A)|x, >. Projects to derive
such integral formulas are in progress.
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