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Abstract

This paper aims to prove some coincidence point results for three single-valued mappings in the setting of
metric spaces and partially ordered metrics spaces satisfying a generalized contraction condition of rational
type. These contributions extend the existing literature on three single-valued mappings and fixed point theory.

We showcase the practical applicability of our proposed notions
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1. Introduction

The classical Banach contraction principle (BCP) [14]
is one of the most notable results which has played a
vital role in the development of a metric fixed point
theory.The principle has been generalizedby numerous
authors in the different directions by improving the
underlying contractionconditions, enhancing the
number of involved mappings, weakening theinvolved
metrical notions, and enlarging the class of ambient
spaces [2, 3,7, 8, 10, 11,13].

In 2004,Ran and Reurings [16] obtained a new
variant of the classical Banach contraction principle
toa complete metric space endowed with partial order
relation, which was slightly modifiedby Nieto and
Rodriguez-Lopez [12] in 2005 and established fixed
point results.

Recently, Mehmood [6] obtained somecommon fixed
point results for generalized rational typesatisfying

compatible three self mappings in complex valued
b-metric space

Based on the above insight, we introduce the concepts
of three single-valued mappings and subsequently
establish common and coincidence point results
for partially ordered metrics spaces satisfying a
generalized contraction condition of rational type
within the setting of metric spaces. To bolster our
findings, we showcase the practical applicability of
our proposed notions.

2. Preliminaries

Here we begin with the following definitions that are
relevant in our study.

Definition 1.1.[7,15]Assume(X,=<) is a partially
ordered set, then T:X — X.T 1is referred to as
monotone non-decreasing if for all x, ¥ € X,

x = yimplies Tx < Ty.
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Definition 1.2.[1]Suppose(X, <)is a partially ordered
set and T:g,h: X = X are mappings such that
T(X) € h(X) and g(X) € h(X). Then T and g are
weakly increasing with respect to h if and only if for
all x € X, we have

2) Tx < gx forall v € k™ (Tx),
b) 9% < Ty forall v € h™1(gx).

Definition 1.3.[4,5, 17]Let 5 be a nonempty subset of
a metric space (X,d) andT,g: 5§ = S.Apoint x € §
is a common fixed (respectively, coincidence) point
of g and T if x = gx = Tx (respectively gx = Tx
). The set of fixed points (respectively, coincidence
points) of g and T is denoted by F(g, T) (respectively,
C(g.T)).

The pair (T, g) is called
a) commutative if Tgx = gTx for all x € 5,

b) compatible if lim d(Tgx,,gTx,) =0
whenever {x,} is a sequence such that
lim Tx, = lim gx,, =t for some t in 5;

c) weakly compatible if g and T commute at
their coincidence points, i.e. if gT'x = T gx
whenever gx = Tx.

3. Main Results

Theorem 3.1. Let S be a subset of a metric space

(X,d). Suppose that T, g, h : 5 — 5 satisfy

d (hx, Tx)d(hy, gy) d(hx, Tx)d(hy,gy)
drngy) <a (d(.’u, hy) + d(hx, gy) +d(hy, TI)) ( d(hx, hy) )
+ y(d(hx, hy))(3.1)

for all x,y € §, hx # hy and for some
a B, yeE[0,)witha+ 8+ y < 1.

Suppose also that T(5) U g(5) € h(S) and (h(S5).d)
is complete. Then

(1) T, g and h have a coincidence point in S;

(ii) If the pairs (h, T )and (h, g) are weakly compatible,
then T, g and h have a unique common fixed point.

Proof. Suppose x, € X. Since T(5) VU g(5) € h(S),
wechoosex,,x, € Ssothathx, = Txjandhx, = gx,
. By induction, we construct a sequence {x,} in X
such that hx,,., = Tx,, and hx,,,, = gX,,., for
every n = 0. By (3.1), we have

Ak gpan, Wz 1) = A(9%0prs Tas)

<a ( d(hitgnsy, 9 apsey JA (g, Txs,) )
T \d(hxgyey, hxg,) + dlhxg,,, T, ) + d(hxg, g%5040)

d(hX gyt 10 G s ) d(RXay, Ta,,)
+ B( *rli(hx = ) + Y(d('tuzmu h‘xir:))
2n+10 Moy

_ A (MXgp0 AXopn)d(RXoy, AXay L)
- ARy, hicg,) + d(hxg,e g, hxa,e ) + d(hay,, hg,s)

d(hxy, .0, hxy, .0 )d(hxg,, hag, )
= = = = d(hx,, ., hx,
+ ( ey o) +y(dl . b))

< d(gnsy s Mg )d(hag, hag,.y) + d (g sy, hxgy ) (A hxgpey)
= d(hitgyey, hxg,) + d (g, hxgn o) £ d(hit gy, hxy,)

+ ?’(d(hx:;u 10 'H:u))

By triangular inequality

d(hxanay, h¥opes) < d(hag,y, hxo,) + d(hay,, hxo,en),
we have

= rx(d(hx:“, "M:Mi)) + B(d(h‘xfiﬂ-i’ "M:M:)) + T’(d("'“:aui’ h‘xfra))(3'2)

which implies that

_l_
d(hxgpy0 hXppey) < (%) d(hxyps1, hxy,)(3.3)

By mathematical induction, we have

a + ,}_,)fn-l-l

d(hxgns0 hXgy40) < (ﬂ d(hxg,4q, 1y, )(3.4)

+
where r = %; < 1. We now need to prove that

{hx,} is a Cauchy sequence. For m = n, we have
d(hxhx,) € d(hs by, o) + dh, g hx,, ) +0 4 d(hxg,yy, hx,)

< (T,.m—l + pm=2 R +T”]d{.‘1.x1,hxu}

< (1""_:) d(hxy, hxy)(3.5)

implies that d(hx,;,hx,) = 0 as m,n — 0. Hence
{hx,} is a Cauchy sequence.

Since (h(5),d) is complete, there exists t € S such
that hx,, — ht asn — 0.

We now prove that t is a coincidence point of T, g and
h. We have

d(hxy,.,, gt) = d(Tx,,, gt)
ca ( d(hx,,. Tx,,)d(ht, gt)
= " \d(hx,,, ht) +d(hx,,, gt) + d(ht, Tx,,)
+ y(d(hxy,, ht))
_ d(hxy,, hxa, ., )d(ht, gt)
- (d(hx:“, ht) + d(hxs,, gt) + d(ht, hx:“H))

d(ha,,, hxy,e)d(ht,
s (W) + 1(dChx0, 1))

d(hxyy, Tx,,)d(ht, gt)
) £ ( d(hxzy, ht) )

Letting n — 00, we get d(ht, gt) = 0, hence ht = gt.
Also, we have
d(Tt, ht) = d(Tt, gt)
- d(ht,Tt)d(ht, gt)
=« (d(hr, nt) + d(ht, gt) + d(h, Tt)
+y(d(ht.ht))

d(ht, Tt)d(ht, gt)
) ( d(ht, ht) )

implies that d(Tt, ht) = 0, that is, Tt = ht. Thus,
ht =Tt = gt.

Hence t is a coincidence point of T, g and h.
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Now, suppose that the pairs (h,T) and (h,g) are
weakly compatible. Let w = gt = ht = Tt. Then we
have hTt = Tht and hgt = ght, which implies that

Tu = gu = hu. Also, we can have

d(hw, ) = d(Tu,gt)
ca ( d(hu, Tw)d(ht, gt)
= \d(hu, ht) +d(hu, gt) +d(ht, Tu)
+ }'(d(hu, ht) )

d(hu, Tw)d(ht, gt)
) ( d (hu, ht) )

This implies that d(hw,u) =0, that is hu = u.
Hence, we get
u=hu="Tu= gu,

a common fixed point of h, T and g.

Now, suppose that u' € Sis another common fixed
point of h, T and g, that is

u =hu' =Tu = gu'.

Then, we have

diu,u") = d(Tu,gu')
e ( d (hu, Tu)d(hu', gu')
= o \d(hu, hu') + d(hu, gu') + d(hu', Tu)
+ 'y(d(hu, hu') )

d(hu, Tw)d(hu', gu')
d(hu, hu')

Implies d(u,u') = 0, that is u = u'. Thus, we have
the uniqueness of the common fixed point.

Now, we prove the existence and uniqueness
ofcommon fixed point theorem in the context of
metric space endowed with partial order.

Theorem 3.2.Let (X,d,=<) be a complete partially
ordered metric space. Suppose thatT,g,h: X — X
satisfy

d (hx, Tx)d(hy, gy)
drrgy) <a (d(hx, hy) + d(hx, gy) + d(hy,Tx)
+ y(d(hx, hy))(3.6)

d(hx, Tx)d(hy,gy)
) B ( d(hx, hy) )

forall x,y € X, hx < hy and for some &, B8,y € [0,1)
witha +8 + y < L.

Suppose that

(a) T(X) <€ h(Xx),g(Xx) € h(X)
complete subspace of X;

andh(X) is a

(b) T and g are weakly increasing with respect to h.
Also suppose that either

(i) the pairs (T,h)is compatible andT, hare
continuous; or

(ii) the pairs (g, h)is compatible and g, hare
continuous.

Then, T, g and k have a coincidence point, that
1S, there exists t in X such that
ht =gt =Tt.

Proof. Let xy €X. From (a) we can choose

x,,%, € X such that hx, = Txg and hx, = gx,. By
induction, we construct a sequence {hx,} in X such
that hxz,41 = TX3, and hXg,45 = gXg,4y for every
n = 0.

We claim that

hx, = hx,.,, forall

n=1. (3.7)
Since T and g are weakly increasing mappings with
respect to h, we get

hx, =Txy < gv,¥y € k™ (Tx,).

Since hx; = Tx,, then x, € h™(Tx,), and we get
hx, =Tx, = gx, = hx,.

Again,

hxg =gx, =Ty, Yy € h_i(gxlj'

Since .IL'I: = gxy, then Xq S h_l(gxlja and we get
hx, = gx; < Tx, = hx,.

By induction on 1, we have
hxy = hxy < - < hxg, ) < hag, ., <o

implies claim (3.7) holds.

Since hx,, =< hx,,4,, for all m = 1, from (3.6), we
have

A(hxgy s, hitgy4q) = d(gXn40, T2y,
<a d(hxg sy 9% 0n s )d (g, Tay,)
T Nd(hxge b ) + dhxg, Ty, ) + d(hxg,, 9%0,4)
A(hxons 1 9% s ) d(AXs,,, THay)
= = = = S(d(hx sy, hx,y
+B( d(x 310 hikgy,) - ( (znes H_"))
+ ?’(d(hx:ui—l' JH:»))

_ d("“:ni—l’ J”‘:nu)d(’“:m J”f:nu)
- A(Rxgnes Bxgy) + d(Axpns 1 hxge ) +d(hxg, hxgyys)

A(hatzns 1 M o) d(hgy, hocgny 1))
+ = — = = + pld(hxg, 4, b,
B( d(hxy,y. hy,) ]’(_ (R b ))

d (s, htgnes)d(hag, hxs) 8 A(hx s M2ge0) Ay, Bz )
B d(nit gy 1 hita,) + d (g, Ky 4o) d(hxgps s htoy,)

+ T(d(h”f:m iy h’:;;))
By triangular inequality
d(hxy,sy, hxg,en) = d(hxg, sy, hey,) +d(hx,,, hrg,.,)
d(hxgpq, NXope0) < d(hxg,ay, by, ) +d(hx,,, heg,.0)
, we have

= a(_d("“:mv hxfn)) + B(d(hxfrﬂ-li "LX:M:)) + T’(d(hx:rui: hx:“])(fi.aj

which implies that

e+ y

d(hx s gy sy) < (m) d(hxnyey, hxy,)(3.9)

By mathematical induction, we have
a _I_ _}, <N
d(hxypig hxgesy) < (m) d(hxgpsy, hxy,)(3.10)
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where r = f_ﬂ < 1. We now need to prove that {x, } is
a Cauchy sequence. For m = n, we have

d(hx,, hx,) < d(ha by ) + d(hx,_y, by, 5) 40+ d(hxy.y, hx)

< (r™ 4 ™72 4 40 d(hixy, hxg)

< (1’:) d(hxy, hxg)(3.11)

implies that d(hx,,hx,) = 0 as m,n — 0. Hence
{hx,}is a Cauchy sequence.

Since (h(X),d) is complete, there exists t € X such
that hx, — ht asn — 0.

Suppose that condition (i) holds. Let &t = ht. Then
we have

rll_I}];lu Tx,, = r}l_I}'l;I.u hx,, =u.
Since the pair (T, h) is compatible, we get

lim d(h(Tx,,), T(hx,,)) = 0. (3.12)

From the continuity of T and h, we have
lim d(h(Tx,,), T(hx,,)) = d(hu, Tu).(3.13)

Using (3.12), (3.13) and by the uniqueness of the
limit, we have d(hu, Tu) = 0, that is hu = Tu.
Using (3.6), we get

d(hu, gu) = d(Tu, gu)
ca ( d(hu, Tw)d (hu, gu)
~ " \d(hw, hu) + d(hu, gu) + d(hu, Tu)
+ p(d(hu, b)),

d(hu, Tw)d(hu, gu)
d (hu, hu)

implies that d (hu, gu) = 0, that is, hu = gu. Thus,
hu = gu = Tu.
Hence u is a coincidence point of T, h and g.

If condition (ii) holds, then the same argument
follows, we get result.

4. Applications

Some applications of the main results to a self
mapping involving an integral type contraction.

Let us consider the set of all functions ¥ defined on
[0,00) satisfying the following conditions:

1. Eachy is Lebesque integrable mapping on
each compact subset of [0,00).

2. Forany € > 0, we have f:x{t] dt = 0.

Theorem4.1LetS be a subset of a metric space
(X,d). Suppose that T, g, h : § — S satisfy

=

d(Tagy)
J. p(t)dt
d(hxTx)d (hy,gy)

dlhxhyl+dlhx,gy)+d Ay Txl

= a:f @(t)dt
o
dlhxTx)d (hy.gy)

e d(hxhy)
+ ﬁf ey ¢(t}dt+yf B(Hdt (4.1)
o (]

for all x, ¥ € § and for some a, 8,y € [0,1)with
a+f+y<1l

Suppose also that T(S) U g(5) € h(S) and (h(S).d)
is complete. Then

(1) T, g and h have a coincidence point in 5;

(i1) If the pairs (h, T)and (h, g) are weakly
compatible, then T, g and h have a unique common
fixed point.

Theorem4.2Let(X, d, <) be a complete partially
ordered metric space. Suppose thatT, g, h: X = X
satisfy

d(Tx.gy)
f o(t)dt
0
dihxTx)diAy.gy)

d(hxhy)+dlhx,gy)+d (hy,Tx)

< rxf ¢(t)de
o

dlhxTx)d hy,gy)

: d(hahy)
+ ﬁf A ¢(t}dr+'yf " g0t (42)
(] [

for all x, ¥ € § and for some a, 8,y € [0,1)with
a+F+y<1l

Suppose that
(a) T(X) € h(X),g(X) € h(X) and h(X) is a
complete subspace of X;
(b) T and g are weakly increasing with respect to h.
Also suppose that either

(1) the pairs (T, h)is compatible and T, h are
continuous; or

(ii) the pairs (g, h)is compatible and g, h are
continuous.
Then, T, g and h have a coincidence point, that is,
there exists t in X such that

ht = gt = Tt.

5. Conclusion

The main findings of this study demonstrate
applicability for three single-valued mappings in
establishingcommon and coincidence point theorems
for partially ordered metrics spaces satisfying a
generalized contraction condition of rational type.
This study provides significant advancements in
the understanding of metric spaces, with potential
applications in differential equations.
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