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INTRODUCTION 

Ekstrom and Lindberg (2011) proposed a 

strategy, based on Bayesian posterior 

probability, for optimal closing time of a 
momentum trade. They supposed that the 

financial asset price (say a stock) obeys a 

geometric Brownian motion with a change point 

in drift. Indeed, they assumed that  

𝑑𝑠 = 𝜇𝑡𝑠𝑑𝑡 + 𝜎𝑠𝑑𝐵, 

where 𝐵 is a Brownian motion and 𝜇𝑡 = 𝜃1 for 

𝑡 ≤ 𝜏 and 𝜇𝑡 = 𝜃2  for 𝑡 > 𝜏. The optimal 
strategy solution is obtained by 

𝑉 = 𝑚𝑎𝑥𝜏∗∈Ƒ𝐸 𝑒
−𝑟𝜏∗𝑠𝜏∗ , 

where Ƒ is the collection of all stopping times 

𝜏∗. However, one can see that  

𝐸 𝑒−𝑟𝑡𝑠𝑡 =  
(𝜃1 − 𝑟) 𝑡 ≤ 𝜏

 𝜃1 − 𝜃2 𝜏 −  𝑟 − 𝜃2 𝑡 𝑡 > 𝜏.
  

This function attains its maximum at 𝜏 if 

𝜃2 < 𝑟 < 𝜃1. If 𝜏 < ∞ with probability one, 

then 𝐸 𝑒−𝑟𝜏
∗
𝑠𝜏∗ = 𝐸 𝑒−𝑟𝑡𝑠𝑡 , using the 

optional sampling theorem. Indeed, for all 

𝜏∗ < ∞, then 𝐸 𝑒−𝑟𝜏
∗
𝑠𝜏∗  attains its maximum 

at 𝜏. Here, conditions are extracted to make sure 

that  

𝑀𝑡 =
𝑒−𝑟𝑡𝑠𝑡

𝐸(𝑒−𝑟𝑡 𝑠𝑡)
, 

is close to 1 and then 𝑒−𝑟𝑡𝑠𝑡  is used instead of 

𝐸(𝑒−𝑟𝑡𝑠𝑡). It is easy to see that   

𝑀𝑡 = exp 𝜎𝐵 −
𝜎2𝑡

2
 = exp  𝜎(𝐵 −

𝜎𝑡

2
) , 

and that 𝑀𝑡  is a martingale with respect to 

filtration 𝜎(𝐵𝑢 ,𝑢 ≤ 𝑡), i.e., the sigma-field 

generated by (𝐵𝑢 ,𝑢 ≤ 𝑡). It is clear that when 

𝜎 → 0, then 𝑀𝑡 → 1. Also, Doob inequality (see 

Bjork, 2009) implies that, for some maturity 𝐿, 

then 𝑃(𝑠𝑢𝑝0≤𝑡≤𝐿𝑀𝑡 > 𝜀) ≤
𝐸 𝑀𝐿

𝛼  

𝜀𝛼
 for some 

0 < 𝛼 < 1.  Also, 𝐸 𝑀𝐿
𝛼 =

−𝛼(1−𝛼)𝜎2

2
𝐿. Thus, 

𝐸 𝑀𝐿
𝛼 

𝜀𝛼
= exp  −𝛼  

 1−𝛼 𝜎2

2
𝐿 + log 𝜀   ≤

exp  −𝛼  
𝜎2

2
𝐿 + log 𝜀   . 

Assuming 
𝜎2

2
𝐿 = − log 𝜀 , then 𝐿 =

−2log  𝜀 

𝜎2 . 

Thus, by sequentially search for existence of 
momentum during intervals with length L, 

recursively, as soon as 𝑒−𝑟𝑡𝑠𝑡  starts to decrease, 
that time point is a suitable point for selling the 

asset. The following proposition summarizes the 
above discussion. 

Proposition 1  

Assuming 𝐿 =
−2log  𝜀 

𝜎2 , by search recursively 

time intervals with length L, the momentum is 
detected.  

Proof. It is discussed in section 1.  

Thus, the estimate for 𝜏 is the time point at 

which 𝑒−𝑟𝑡𝑠𝑡  attains its maximum. That is,  

𝜏 = argmax𝑡 𝑒
−𝑟𝑡𝑠𝑡   . 

Since, 𝑒−𝑟𝑡𝑠𝑡  is too close to its mean and 

𝐸(𝑒−𝑟𝑡𝑠𝑡) takes its maximum at actual change 
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point 𝜏, thus, 𝜏  is a consistent estimator for 𝜏. 

The following proposition summarizes this fact. 

Proposition 2 

The estimator 𝜏  is a consistent estimator for 𝜏.  

The rest of paper is organized as follows. First, 
the simulation results are derived in the next 

section. Section 3 concludes.  

SIMULATIONS 

Here, using the Model Risk adds-in of Excel, 

this case is simulated that 𝜃1 = 0.002,𝜃2 =
0.007, 𝜏 = 543, initial value of stock is 0.38 $,  

𝜎 = 0.025 and 𝜀 = 0.01. Let 𝑟 = 0.005. The 
time period of study is 1000 days. The following 

plot shows the time series of  𝑒−𝑟𝑡𝑠𝑡  which 
implies that there is a change about 543.  

 

Figure 1. Time series plot of 𝑒−𝑟𝑡𝑠𝑡  

While the time series of 𝑠𝑡  is given as follows. 
However, the Fig.1. has better visual 

interpretation.  

 

Figure2. Time series plot of 𝑠𝑡  

As follows, the empirical distribution of 𝜏  is 

given. Clearly, 𝜏  is concentrated well on actual 

momentum time 𝜏.  

 

Figure 3. Histogram of 𝜏  

Here, a threshold 𝐾 is given such that 

𝑃 𝑚𝑎𝑥𝑡𝑒
−𝑟𝑡𝑠𝑡 ≤ 𝐾 = 1 − 𝛼. The following 

table gives some values for K, for various 

selections for 𝛼.  

Table 1: Values of 𝐾 

𝛼 0.1 0.05 0.025 0.01 

𝐾 2.71 3.42 3.79 4.81 

CONCLUSION  

The argmax time point of 𝑒−𝑟𝑡𝑠𝑡  is a consistent 
estimator of actual momentum point. The time 

series plot of 𝑒−𝑟𝑡𝑠𝑡  has a good visualization for 
momentum time point.  
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